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The paper investigates the influences of the helicity on the gravitational mass density, the field 
source, the charge continuity equation, and the mass continuity equation etc in the electromagnetic 
field and gravitational field. By means of the algebra of octonions, the magnetic helicity, the current 
helicity, the cross helicity, the kinetic helicity, the field energy, the enstrophy, and some new helicity 
terms can be derived from the octonion definitions of the linear mentum and the force in some field 
descriptions with different operators. The study claims that the gravitational mass density, the field 
source, the charge continuity equation, and the mass continuity equation will be impacted by the 
helicity, the field strength, and the vorticity of the rotational objects and of the spinning charged 
© ; objects in the gravitational field and the electromagnetic field with their adjoint fields. 
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I. INTRODUCTION 

43 ; 

^P" 1 . The concept of the helicity [H,[|| was originated by C. F. Gauss's studying of the orbits of the comet and the asteroid 
in the astronomy. Recently it is extended to the researches regarding the double helix structure of DNA molecular 
, chain Q, the solar electromagnetic field, the fluid dynamics, the meteorology, and the topology etc. In the astronomy 
the helicity can be used to investigate the helical structure of the solar magnetic field [j, Q , including the magnetic 
helicity, the current helicity, the cross helicity [p , and the kinetic helicity. In the fluid dynamics Q the helicity can be 
. — i ■ used to illustrate the vorticity fields, the kinetic helicity, and the enstrophy. It is found that the helicity will impact 
the gravitational mass density, the charge continuity equation, and the mass continuity equation. 

The algebra of quaternions was invented in 1843 by W. R. Hamilton and was first used by J. C. Maxwell Q to 
describe the physical features of the electromagnetic field. Later the algebra of quaternions is used to represent the 
!— f: physical properties of the gravitational field. According to the 'Spacetime equality postulation' [To| . the quaternion 
space for the gravitational field is independent to that for the electromagnetic field . These two quaternion spaces 
are perpendicular to each other, and are combined together to become one octonion space, which is related to the 
■ algebra of octonions. The latter was invented by A. Cayley [l2| etc. Consequently the algebra of octonions can be 
\ used to depict the features of the gravitational field and the electromagnetic field simultaneously, including the mass 
CP's ! continuity equation, the charge continuity equation, the gravitational mass, and the helicity etc. 

In terms of the algebra of octonions, the helicity of the rotational objects and the spinning charged objects in the 
* . electromagnetic field and the gravitational field [l3| can be found in the definition of the field source and the definition 
of the force-power in the octonion space. The helicities cover all known helicity terms in the classical theories, including 
the magnetic helicity, the current helicity [l4j |. the cross helicity, the kinetic helicity, the field energy, the enstrophy, 
and some new helicity terms. 
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II. THE FIELDS REGARDING THE OPERATOR (0,B) 

In the electromagnetic field and gravitational field [IH, the octonion operator (0 + fc&B) can draw out directly the 
physical properties of two fields, including the octonion field potential, the octonion field strength, the octonion field 
source, the octonion linear momentum, the octonion angular momentum, the energy, the torque, the power, the force, 
and some helicities [16| of the rotational objects and the spinning charged objects |l7j etc. It is found that the helicity, 
the field strength, and the field source will impact the gravitational mass, the charge continuity equation, and the 
mass continuity equation etc in the octonion space with the operator (0 + fcf,B). 
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A. Field source 



In the octonion space, we can define the source of the electromagnetic field and the source of the gravitational field. 
In the quaternion space for the gravitational field, the basis vector is E g = (iq, i\, i®, ^3), the radius vector is R g = (r , 
r i, r 2, r 3), and the velocity is V g = (vq, v%, V2, D3). In the quaternion space for the electromagnetic field, the basis 
vector is E e = (I , Ji, J 2 , I3), the radius vector is R e = (Rq, R2, R3), and the velocity is V e = (Vo, V%, V2, V3), 
with E e = E g o I . The E e is independent of the E g , and that they can combine together to become the basis vector 
of octonion space, E = (1, i%, %2, 23, Iq, 1%, I2, -Z3). The octonion radius vectors R g and R e can be combined together to 
become the octonion radius vector, R = E^r,; + fc eg J,i?i). And then the octonion velocity is V = £(iit?i + k eg IiVi). 
Herein = 1; ro = Vot, t is the time; vq and k eg are the coefficients for the dimensional homogeneity, and vq is the 
speed of light in comparison with the classical theory; the symbol o denotes the octonion multiplication. 

The gravitational potential A g = £(<Zjii) is combined with the electromagnetic potential A e = T,(Ai Ii) to become 
the octonion field potential, A = A g + k eg A e . While the octonion field strength 1 = 0°A = 1 9 + k eg M e consists of 
the gravitational strength, B g = E(/ijij), and the electromagnetic strength, B e = E(iljl,-). The gauge equations are 
ho = and Hq = 0. The gravitational strength B g includes two components, g/«o = <9o a + Vao and b = V x a, and 
the electromagnetic strength B e involves two parts, E/i> = 8qA + V o A and B = V x A. Herein a = E(ajij), 
A = T,(AjIj), A = A I ; = E^), with d t = d/dn. i = 0, 1, 2, 3. V = E(i,-9,-)- 3 = 1, 2, 3. 

The linear momentum density § g = mW g is the source of the gravitational field, while the electric current density 
§ e = qV e is that of the electromagnetic field. The octonion field source S satisfies 

M§ = -(0 + k b M)* o B = fi g § g + k eg fi e E> e - k b M* o B , (1) 

where -^ g S g = 0* ° B g , -^ e S e = 0* ° B e ; fc b = l/u ; B* o B/^i g = B* o B g //^ g + B* o B e /^i e ; k\ g = (J, g /(J, e ; and fi e 
are the gravitational constant and the electromagnetic constant respectively; q is the electric charge density; m is the 
inertial mass density; * denotes the conjugate of the octonion. 



TABLE I: The octonion multiplication table. 
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B. Torque and force 

In the presence of electromagnetic and gravitational fields, the octonion angular momentum density L can be defined 
from the octonion linear momentum density P = jiS/ ji g = E(pj%) + E(PjJi), the octonion radius vector R, and the 
octonion physics quantity X , 

L = (R + k rx X) o P , (2) 

where L = E(Z i i i )+E(L i J i ); X = E(x J i J ) + A: eg E(X J / l )- P = ^(Pjij)\ ?o = ^0; P = ^(Pjlj)- 1 = Lo = L I , 

L = 'E(Ljlj). po = mvo, Vq = woO • R, fh = Am + to(vq/i>o), Am = — fc&B* o M / (/j, g vo) ■ fh is the gravitational mass 
density. ■ R is the scalar part of o R. k rx = 1/vq is a coefficient for the dimensional homogeneity. The derivation 
of octonion quantity X will yield the gravitational and electromagnetic potentials simultaneously. 

In the electromagnetic field [18( and the gravitational field, the octonion torque-energy density W is defined from 
the octonion angular momentum density L and the octonion field strength B, 

W = v a {0 + k b M) oL , (3) 

where W = S(^i,*) + E(Wjii) ; the —wq/2 is the energy density, the w/2 = T,(wjij)/2 is the torque density. The 
scalar wq is written as, 

w = v Q d l Q + u V • 1 + h • 1 + fc eg H ■ L , (4) 
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where —wq/2 includes the kinetic energy, gravitational potential energy, field energy, work, electric potential energy, 
magnetic potential energy, the interacting energy between dipole moment with electromagnetic strength, and some 
new terms, ao/wo = OqXq + V • x and a = c?ox + Vxo + V x x are the scalar and vectorial potential of the gravitational 
field respectively. Ao/vq = <9oXo + V • X and A = do'K + V o Xo + V x X are the scalar and vectorial potential of 
the electromagnetic field respectively, h = Y,(hjij), H = H I , H = Y,(HjIj). h = g/v + b, H = E/w + B. 
In a similar way, expressing the torque density w as 

w = v d l + v \7l Q + v Q \7 x 1 + / h + h x 1 + fc eff H x L + k eg H o L , (5) 

where the above covers the torque density caused by the inertial force, the electromagnetic force, the gravitational 
force, and other force terms etc. 

The octonion force-power density N = vq(() + kbM)* o W can be defined from the torque-energy density W. In the 
octonion space, the force-power density is written as N = E(njij) + S(TVjJj). The power density is /o = — n /(2w ), 
while the force density is f = —n/(2v ), with the vectorial part n = T,(rijij) in the space E g . The other two vectorial 
parts, N = N I and N = T,(NjIj), are in the space E e , and may not be detected directly. 

Further expressing the scalar no of the octonion force-power density N as 

n = v d w + v V* • w + h* • w + k eg H* W . (6) 

The force density f in the gravitational field and the electromagnetic field can be defined from the vectorial part n 
of the octonion force-power density N, 

- 2f = d w + V*w + h* x w/v + V* x w + w h*/v + k eg H* x W/v + k eg H* o W /v , (7) 

where the force density f includes that of the inertial force, gravity, Lorentz force, gradient of energy, and interacting 
force between dipole moment with magnetic strength etc. This force definition is much more complicated than that 
in the classical field theory, and encompasses more new force terms regarding the gradient of energy etc. 



TABLE II: The operator and multiplication of the physical quantity in the octonion space. 
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C. Helicity 

The part force density F is one part of the octonion force-power density N, and is defined from the octonion linear 
momentum density P = /xS/^ 9 , 

¥ = v (0 + k b M)* o¥ , (8) 

where the part force density includes that of the gravitational force, Lorentz force, inertial force, and the interacting 
force between electromagnetic strength with magnetic moment etc. 
The scalar f of F is written as, 

fo/vo = doPo + V* • p + h* • p/v Q + k eg H.* ■ P/v a , (9) 

where k eg H* ■ P is the field source helicity of the electromagnetic field, which involves the electric current helicity 
fc eg B* • P and the helicity term k eg ~E* ■ P/v n ; the h* • p is the field source helicity of the gravitational field. 

The scalar part of the octonion quantity is reserved in the octonion coordinate transformation. Therefore the above 
is the mass continuity equation in the electromagnetic field and the gravitational field when f — 0, and is influenced 
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by the current helicity terms [19( of the electromagnetic field and of the gravitational field, although the impact of 
the field source helicity may be quite tiny. 

A new physical quantity ¥ q can be defined from the part force density F, 

¥ q = ¥or . (10) 

The scalar part F of the ¥ q is written as, 

F a / VQ = (c\,p ) o r + (v* • p) o r + (h* ■ p/vo + k eg u* ■ P / Vo ) ° r , (11) 

where the (h* • P + k eg H* ■ p) o 2jJ can be considered as one kind of the helicity. 

The above is the charge continuity equation in the case for coexistence of the gravitational field and electromagnetic 
field when Fq — 0. And the charge continuity equation is the invariant under the octonion coordinate transformation 
also. It states that the gravitational strength and electromagnetic strength have the influence on the charge continuity 
equation, although the (h* • P + k eg H* ■ p) o JJJ and Am both are usually small when the fields are weak. 

TABLE III: Some physical quantities in the octonion spaces with the operator (0 + fc&B). 
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III. THE FIELDS REGARDING THE OPERATOR (0,B) 

The features of the gravitational field can be described by the algebra of quaternions, including the field source and 
the mass continuity equation etc. The latter can be impacted by the gravitational strength and the linear momentum 
etc. The characteristics of the gravitational field and the electromagnetic field can be investigated simultaneously by 
the algebra of octonions, and the mass continuity equation will be influenced by the electromagnetic strength and the 
electric current directly, besides the gravitational strength and the linear momentum etc. 

A. Gravitational field 

In the quaternion space for electromagnetic fields, the quaternion radius vector is R g = £(7^%), the quaternion 
velocity is V 9 = vqO °K 5 = Vq + T,(vjij), and the quaternion velocity curl is U 9 = V 9 = E(itiii). The gravitational 
potential is A g = o X g = £(0^), and is defined from the quaternion quantity X s . While the gravitational strength 
is defined from the gravitational potential, that is M g = A 9 = £(/ijij). 

The radius vector R s and the quaternion X 9 = Y,(xiii) can be combined together to become the compounding 
radius vector M. g = M s + k rx \ g , and the compounding quantity X g = X g + K rx R g . The related space is called as 
the quaternion compounding space, which is one kind of function space. In this compounding space, the coordinate 
is f i = Ti + k rx Xi for the basis vector and the radius vector is M g = S(ijfi). We gain the compounding velocity 
V g = i>oO o Rj = V 9 + v a k rx A g , the compounding velocity curl (or the vorticity) U g = V g = U g + Vok rx M g , the 
compounding gravitational potential A g = X g = A g + K rx Y g /vo, and the compounding gravitational strength 
B g = A g = M g + K rx Ug/vQ. Herein K rx = l/k rx , and 5, — Xi + K rx ri. 
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1. Torque and force 

The compounding source S of the gravitational field in the quaternion compounding space comprises the linear 
momentum density S> ff = mV 9 , and can be defined as, 

Ai§ = -(0 + k b M g )* oM g = n g ^g -M* g o Mg/v Q , (12) 

where B* o M g /(2fi g ) is the field energy density of gravitational field. V g = S(fiii) . 

From the and compounding linear momentum density P g = fjS/fi^, the compounding angular momentum density 
is defined as L g = R 9 o P g . The compounding torque-energy density W g can be defined from the above compounding 
angular momentum density L 9 = S(Fiii) , 

W g = v (0 + k b B g y ol g , (13) 

where the compounding torque-energy includes the potential energy, the kinetic energy, the torque, and the work etc 
in the gravitational field. The P g = Y,(piii) is the extension of the § g . 
From the above, the compounding force-power N s density is defined as, 

Ng=V Q (0 + k h M g y 0Wg , (14) 

where the N fl is the function of force density and power density in the gravitational field. And the compounding force 
density is — £(%nj)/(2v ), with T,(ijfij) being the vectorial part of N 9 . 



2. Field strength helicity 

In the quaternion compounding space, the compounding linear momentum density is defined from the quaternion 
compounding field source S , 

P 9 = mv n + Y.(mvjij) , (15) 

where po = fhvo, fh = Am + m(i>o/t>o), = u • M, Am = -k b M* g o M g /(fj, g vq). m is the inertial mass density, while 
the m is the gravitational mass density. • K is the scalar part of the 0°R- And f is written as the f = v t, with 
the wo being the coefficient for the dimensional homogeneity. 

According to the quaternion feature, the gravitational mass fh is one reserved quantity, and is changed with the 
field strength B 9 , and the enstrophy u* • u/8 etc, with the u being the vectorial part of the vorticity V g . 



3. Field source helicity 

As an especial and simple case, the ¥ g is one part of the quaternion compounding force-power density N 9 , and is 
defined from the P g , 

¥ g = v (0 + k b M g )* of g , (16) 

where the above includes the density of gravitational force, Lorentz force, and inertial force etc. 
The scalar f of ¥ g is written as, 

fo/vo = dopo + V* • p + h* • p/v , (17) 

where the term h • p is the field source helicity of the gravitational field. 

The above is the mass continuity equation in the gravitational field when / = 0, and is influenced by the field 
source helicity of gravitational field, although the impact of helicity is quite weak. 



B. Gravitational and electromagnetic fields 



The gravitational field and electromagnetic field both can be depicted by the quaternion, and the quaternion spaces 
will be combined together to become the octonion space. In other words, the gravitational field and the electromagnetic 
field can be described with the octonion space simultaneously. 

In the octonion space, the octonion basis vector is E = (io, i\, *2> *3> Io-> I~i-> ^i-, -^3)) the octonion radius vector is 
R = Y.{iiri + k e gIiRi), the octonion velocity is V = v () oI = E(«q + ijVj + k eg IiVi) 7 and the octonion vorticity is 
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U = o V = + k eg IiUi). The gravitational potential A g and the electromagnetic potential A e = E(JjAj) arc 

combined together to become the octonion field potential, A = 0°X = A s + k eg A e , and it can be defined from the 
octonion quantity X = X ff + fc eg X e . The octonion strength, B = 0°A = B 9 + k eg M e , consists of the gravitational 
strength M g and the electromagnetic strength B e = ° A e = E(i?j/j). Herein X e = E(Xj/j). 

The octonion radius vector K. and the octonion physical quantity X in the octonion space can be combined together 
to become the compounding radius vector M = R + k rx JL = E(fiis + k eg RiIi), as well as the compounding quantity 
X = JL + K rx R = Y.(xiii + k eg XiIi) respectively. The related space is called as the octonion compounding space, which 
is one kind of function space. In this space, the octonion compounding field potential isA = 0°X = A + K rx V/v — 
S(o,Zj + k eg AiIi), the octonion compounding field strength isB = 0°A = B + K rx V/vo — E(/ijij + k eg HiIi), the 
octonion compounding velocity is V = V + v k rx A = E(wjij + k eg ViIi), as well as the octonion compounding velocity 
curl is U = U + v k rx M = E(tt,ij + k eg UiIi). Herein Ri — Ri + k rx Xi, and Xi = X, + K rx Ri. 



TABLE IV: Comparison between the fields in the octonion space with that in the octonion compounding space. 

octonion space octonion compounding space descriptions 

V • b = V • b = (Gauss's law of gravitation) 

<9ob + V* x g/vo = <9ob + V* x g/vo = (Faraday's law of gravitation) 

V* • g = —fh/e g V* ■ g = —rh/e g Newton's law of gravitation 

dog/vo + V* x b = — n g s dog/vo + V* x b = — u g s (Ampere's law of gravitation) 

V-B = V-B = Gauss's law of magnetism 

<%B + V* x E/Vo = d B + V* x E/Vo = Faraday's law 

V* • E = -(q/e e )I V* • E = -(q/e e )I Gauss's law 

dpE/Vo + V* x B = -^ e S doE/V +V'xB = -^ e S Ampere-Maxwell law 

b = b = the extreme case of weak field 

g = g = the extreme case of weak field 

B = B = the extreme case of weak field 

E = E = the extreme case of weak field 



1. Torque and force 

In the coordinate system of the octonion compounding space, the coordinate is (fi + k eg RiIo) for the basis vector % , 
and the radius vector is written as K = S \\ o (fj + k eg RiI )}. In this octonion compounding space, the compounding 
source S involves the linear momentum density S g , and the electric current density § e = qV e . While the latter is the 
field source of the electromagnetic field. The octonion compounding source § satisfies, 

fiS = -(0 + k b m)* oB = i_t g S g + fc e g/ie§ e - B* o B/w , (18) 

where B = V g + k eg M e ; W o B/^ 3 = B* o M g /fi g + B* o B e /^ e is the field energy density. 

The compounding angular momentum density is L = R o P in the octonion compounding space. The compounding 
torque-energy density W is defined from the compounding strength B and the angular momentum density L , 

W = v (0 + fc 6 B)oL , (19) 

where the compounding torque-energy includes the potential energy, the kinetic energy, the torque, the gyroscopic 
torque, and the work etc in the gravitational field and the electromagnetic field. 

The compounding force-power density N = wo(B/uo+0)*°W is defined from the compounding torque-energy density 
W. The N is the function of the force density and the power density in the electromagnetic field and gravitational 
field. And the compounding force density is — T,(ijfij) /(2vq), with the T,(ijfij) being one vectorial part of N . 



2. Field strength helicity 

In the octonion compounding space, the octonion compounding linear momentum density can be defined from the 
octonion compounding field source § , 

P = mv + E(mujtj) + E(AfV r i J i ) , (20) 
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where M = k eg [i e q/ [i g . rh = Am + m(Vo/vo), Am — — kj3>* o M/(v fJ. g )] m and m are the inertial mass and the 
gravitational mass respectively. B consists of the field strength B and the vorticity U. 

Making use of the octonion feature and the above, the gravitational mass m is one reserved quantity similarly, and 
is changed with the gravitational strength B s , the electromagnetic strength B e , and the enstrophy u* • u/8 etc, with 
the u being the vectorial part of the vorticity V g . 



3. Field source helicity 

In the octonion compounding space, the part force density F is one part of the force-power density N, and is defined 
from the octonion linear momentum density P , 

F = v a (0 + k b S)* of , (21) 

where the above includes the density of the gravitational force, the Lorentz force, the inertial force, and the interacting 
force between electromagnetic strength with magnetic moment etc. 
The scalar fo of the F is written as, 

fo/vo = d po + V* • p + h* • p/vo + k eg H* ■ P/vq , (22) 

where M g = S(^i l ), B e = £(#,!*). h = E(hjij) = g/u + b, H = Z(Hjlj) = E/v + B. The B* • P is the scalar part 
of B* o P. The term k eg Ii ■ P is the field source helicity of the spinning charged objects [2(| in the electromagnetic 
fields, including the current helicity fc eg B* • P and the helicity term fc es E* ■ P/vq; h* • p is the field source helicity of 
the rotational objects in the gravitational fields. 

The above is the mass continuity equation in the electromagnetic and gravitational fields, and is influenced by the 
current helicity and the enstrophy [2l| etc of either the electromagnetic field or the gravitational field, although the 
impact of field source helicity may be quite tiny. 

A new physical quantity ¥ q can be defined from the part force density F, 

¥ q = F o r . (23) 
The scalar part Fq of the octonion F g is written as, 

Po/vo = (d Po) o r + (v* • p) o r + (h* • P/vo + k eg n* ■ p/v ) ° r , (24) 

where the (h • P + k eg H -p)oJJ can be considered as one kind of the helicity. 

The above is the charge continuity equation in the presence of the gravitational field and the electromagnetic field 
when Fo — 0. And the charge continuity equation is the invariant under the octonion coordinate transformation. It 
means that the gravitational strength and the electromagnetic strength exert an influence on the charge continuity 
equation, although the (h • P + k eg Pt • p) o and Am both are usually slight when the fields are overlooked. 



TABLE V: Some physical quantities in the octonion compounding spaces with the operator (0 + fcfa 



definitions meanings 



X field quantity 

A = ° X field potential 

B = o A field strength 

R radius vector 

V = «oO°K velocity 

U = o V velocity curl 

luS = -(0 + k b M)* o B field source 

fi b = fc b B* ■ I field strength helicity 

P = /jS/ fj, g linear momentum density 

R = R + k rx X compounding radius vector 

L = R o P angular momentum density 

W = vo(0 + kbM) o L torque-energy densities 

N = vo(0 + fcbB)* o W force-power density 

F = — N/(2«o) force density 

U s = fc b B* • P field source helicity 
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IV. THE FIELDS REGARDING THE OPERATOR (0,A) 

In the electromagnetic and gravitational fields, the operator (0 + &&B) derives the field potential, field strength, field 
source, linear momentum, angular momentum, energy, torque, power, force, and helicity etc, except for the magnetic 
helicity. The existence of magnetic helicity reveals that there may exist other kinds of operators for some features of 
the electromagnetic and gravitational fields. In this section, the octonion operator (0 + fc&B) should be replaced by 
the new operator (0 + k a A), with the k a being one coefficient for the dimensional homogeneity. 

In terms of the new octonion operator (0 + fc a A) in the electromagnetic field [22) and the gravitational field, there 
is the field potential, the field strength, the field source, the linear momentum, the angular momentum, the energy, 
the torque, the power, the force, and the helicity, including the current helicity and the magnetic helicity etc. 



A. Field source and torque 

In the electromagnetic field and the gravitational field with the operator (0 + k a A), the some physical quantities 
will remain the same, except for the gravitational mass density etc. 

In the octonion space, the octonion basis vector is E = (1, i\ 1 22, 23, Jo, I\ 1 12, 13), the octonion radius vector is 
K = E(ijr, + k e gIiRi), and the octonion velocity is V = £(i;t>; + k eg IiVi). Meanwhile the octonion field strength, 
B = (0 + k a A) o A = Bj + k eg M e , is defined from the octonion field potential A = A g + k eg A e . The gravitational 
strength is M g = £(ftjij) = A g + k a (A g o A g + k^ g A e o A e ) in the space E g , while the electromagnetic strength is 
B e = Yi(HiIi) = o A e + k a k eg (A e o A g + A g o A e ) in the space E e . The gauge equations are ho = and Hq = 0. 

The linear momentum density S s is the source for the gravitational field, and the electric current density S e is that 
for the electromagnetic field. The octonion field source S satisfies 

= -(0 + k a A)* o B = ng§ g + k eg n e § e - fc Q A* o B , (25) 

where the k a A* ■ B is the scalar part of the octonion fc a A* o B, and is one kind of the helicity, while the k a A* ■ B/(2/x 9 ) 
is one sort of the field energy density. 

The octonion linear momentum density is P = = S(pi% + Pi Jj), and the octonion angular momentum density 

is L = (K + k rx l€) o P = + Li Jj), with the octonion physical quantity X. The octonion torque-energy density W 

is defined from the octonion angular momentum density L and the octonion field potential A, 

W = w (0 + fc a A)oL , (26) 

where the octonion W = E^jij) + E(W,J,); the —wq/2 is the energy density, the w/2 = 'E(wjij)/2 is the torque 
density, p = p o = PqIo] P = ^{Pjlj)- 

The scalar wo of W is written as, 

w /v = d l + V • 1 + k a a ■ 1 + k a a a l + k eg k a (A ■ L + A o L ) , (27) 

where —wq/2 includes the kinetic energy, the field energy, the work, the interacting energy between the dipole moment 
with the field potential, and some new terms. The octonion field potential is A = E(a^ + k eg AiIi). a = T,(ajij), 
A = A I , A — Y,(AjIj). 1 = E(ljij), L Q = L I , L = T,(LjIj). 
In a similar way, expressing the torque density w of W as 

w/u = <9 1 + VZ + V x 1 + k a a.l + fc a a x 1 + fc a a l + k eg k a (A xL + A oL + Ao L ) , (28) 

where the above encompasses some new terms of the torque density. 



B. Force 



In the octonion space with the operator (0 + k a A), from the torque-energy density W, the octonion force-power 
density, N = £(71^) + Y,(NiIi), is defined as follows, 

N = u (0 + fcaA)*oW, (29) 

where the power density is fo = —no/(2vo), and the force density is f — —wj{2vQ). The vectorial parts are n = T,(rijij), 
N = 7V I , and N = Z(NjIj). 

Further expressing the scalar no of N as 

uq/vq = d w + V* • w + k a a* ■ w + k a a w + k eg k a (A* ■ W + A„ o W ) . (30) 
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The force density f in the gravitational and electromagnetic fields with the operator (0 + fc a A) can be defined from 
the vectorial part n of the octonion force-power density N , 

-2f=<9 w + V*w + V* x w + k a (a*w + a* x w + a w) + k eg k a (A* x W + A* o W + A* o W ) , (31) 

where the force density f includes that of the inertial force, gradient of energy, and interacting force between dipole 
moment with field potential etc. This force definition is a little different from that in the classical field theory, and 
encompasses more new force terms regarding the gradient of energy and the field potential etc. In case the field 
potential A is weak enough, the force terms about the field potential may be too tiny to be neglected. 



C. Helicity 

As the deduction of octonion fields with the operator (0 + fc a A), the current helicity and magnetic helicity 23] may 
impact the gravitational mass density, the charge continuity equation, and the mass continuity equation etc. 



1. Field strength helicity 

The octonion linear momentum density P = fjS/ fi g can be defined from the octonion field source S in the octonion 
space with the operator (0 + fc Q A), 

P = mv + £ (mvj (MVj I,) , (32) 

where po = fhvo, fh = Am + m(uo/uo), Am = —k a A* ■ M/(fi g Vo). A* • B is the scalar part of the octonion A* o B. 

According to the octonion features, the gravitational mass fh is one reserved scalar quantity in the above, and is 
changed with the field strength M g and B e , the field potential A g and A e , and the helicity A* • B etc, including the 
magnetic helicity A • B. 



2. Field source helicity 

The part force density F is one part of the octonion force-power density N, and is defined from the octonion linear 
momentum density P , 

F = wo(0 + fc a A)*oP, (33) 

where the part force density includes that of the inertial force and of the interacting force between the field potential 
with the linear momentum density etc. 
The scalar /o of F is written as, 

fo/va = d QPo + V* • p + fc Q (a* • p + a Q p Q ) + k eg k a {A* • P + A£ o P ) , (34) 

where the terms (a* • p + aoPo) and (A* • P + Aq o P ) can be considered as the helicity in the fields with the operator 
(0 + k a A), as comparing to the fields with the operator (0 + fe&B). 

The above is the mass continuity equation in the electromagnetic and gravitational fields with the octonion operator 
(0 + k a A), and is influenced by the helicity of the electromagnetic and gravitational fields, although the impact of the 
helicity may be quite tiny. And the variation of the mass density with the time may not be continuous always. 

A new physical quantity ¥ q can be defined from the part force density F, 

¥ q = F o t . (35) 

The scalar part Fq of the ¥ q is written as, 

F a /v = (5 Po + V* • P) o r + k a (a* ■ P + a Po) ° % + k eg k a (A* ■ p + p Q A* ) o , (36) 

where the (a* • P + aoPo) ° Iq and (A* • p + PoAq) o Ijj can be considered as the helicity in the fields too. 

The above is the charge continuity equation in the gravitational field and the electromagnetic field with the octonion 
operator (0 + fc a A) when Fq = 0. And the charge continuity equation is the invariant under the octonion coordinate 
transformation. It states that the gravitational potential and the electromagnetic potential have the influence on the 
charge continuity equation, although the terms (a* • P + aoPo) ° Iq, (A* • p + poA^) o J^, and Am are usually trivial 
when the fields are faint. And the variation of the charge density with the time should not be continual forever. 
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TABLE VI: Some physical quantities in the octonion spaces with the operator (0 + k a A). 



definitions 


meanings 


X 


field quantity 


A = 0oX 


field potential 


B = (0 + k a A) o A 


field strength 


R 


radius vector 


V = woOoM 


velocity 


U = 0oV 


velocity curl 


uS = -(0 + fc a A)* ol 


field source 


M b = k a A* ■ B 


field strength helicity 


P = u§/u g 


linear momentum density 


R = R + k rx X 


compounding radius vector 


L = ioP 


angular momentum density 


W = v (0 + fc o A)oL 


torque-energy densities 


N = Vo(0 + fc A)* oi 


force-power density 


F = -N/(2v ) 


force density 


H s = k a A* • P 


field source helicity 



V. THE FIELDS REGARDING THE OPERATOR (0,A,B) 

In the electromagnetic field and the gravitational field, the two fields with the octonion operator (0 + k a A) can 
conclude some properties except for the current helicity etc, meanwhile the octonion operator (0 + fc&B) may deduce 
some other parts of features of two fields except for the magnetic helicity etc. Both of these two descriptions are not 
exact enough to describe the characteristics of the electromagnetic field and the gravitational field. In this section, 
the operator (0 + k a A) and (0 + k b M) should be replaced by the combined operator (0 + k a A + k b M) to cover more 
characteristics of the electromagnetic field and the gravitational field simultaneously. 

By means of the octonion operator (0 + k a A + k b M) in the electromagnetic field and the gravitational field, we can 
depict the field strength, the field source, the linear momentum, the energy, the torque, the power, the force, and the 
helicity, including the current helicity and the magnetic helicity etc. 

A. Field source and torque 

In the electromagnetic field and gravitational field with the operator (0 + fc a A + fc;,B), the most of physical quantities 
will remain the same, except for the gravitational mass density and the helicity etc. 

In the fields with the octonion operator (0 + k a A + kf,M), the octonion basis vector is E = (1, i\, i^, Io, I\, I2, 13), 
the octonion radius vector is R = £(ij7"j + k eg IiRi), and the octonion velocity is V = £(ijfj + k eg IjVi)- The octonion 
field strength, B = (0 + k a A) o A = B g + k eg M e , is defined from the octonion field potential A = A g + k eg A e still. 
Herein the gravitational strength is M g = £(/ijii) = A g + k a (A g o A g + k"l g A e o A e ), while the electromagnetic 
strength is B e = E(/fj7j) = o A e + k a k eg (A e o A g + A g o A e ). The gauge equations are ho = and H = 0. 

The linear momentum density § s is the source for the gravitational field, and the electric current density S e is that 
for the electromagnetic field. The octonion field source § satisfies 

^§ = -(0 + k a A + k b m)* o B = + k eg ^ e S e - k a A* o B — fc 6 B* o B , (37) 

where the (fc a A* • B + k b V* ■ B) is the field strength helicity, while the (fc a A* • B + fc b B* • B)/(2/z fl ) is one sort of the 
field energy density. 

The octonion linear momentum density is P = fjS/fi g — T,(piii + Pili), the octonion angular momentum density 
is L = (R + k rx X) o P = + LjJj), with the octonion physical quantity X. The octonion torque-energy density 

W is defined from the octonion angular momentum density L, the octonion field potential A, and the octonion field 
strength B, 

W = v (0 + k a A + k b M) o L , (38) 

where the octonion W = £(w;jij) + £(WjJj) ; the —wq/2 is the energy density, the w/2 = T,(wjij)/2 is the torque 
density p = Y>{p i ); P = PqIq; P = E(PjIj). 
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The scalar wq of W is written as, 

Wq/vq = d l + V • 1 + k a a ■ 1 + k a a a l + k eg k a (A ■ L + A o L ) + k b (h ■ 1 + k eg H • L) , (39) 

where —wo/2 includes the kinetic energy, the gravitational potential energy, the electric potential energy, the magnetic 
potential energy, the field energy, the work, the interacting energy between the dipole moment with the fields, and some 
new energy terms. The octonion field potential is A — £(<iji; + k eg A i I i ). A g = £(ajij), A g — S^jJj). a = T,(ajij), 
Ao = A I , A = Y,(AjIj). 1 = L = L I , L = Y,(LjIj). 

In a similar way, expressing the torque density w of W as 

w/i> = 9 l + V/ +Vxl + k b l h + k b h x 1 + k eg k b (H x L + H o L ) 

+ k a al + k a a. x 1 + fc Q a l + k eg k a (A xL + A oL + Ao L ) , (40) 

where the above encompasses some new terms of the torque density. 



B. Force 



In the octonion space with the operator (0 + k a A + k b M), the octonion force-power density, N = S(njii) + £(iV,-Ii), 
is defined from the torque-energy density W, 

N = v {0 + k a A + k b B)* oW , (41) 

where the power density is /o = — no/(2vo), and the force density is f = — n/ (2vo). The vectorial parts are n = T,(rijij), 
N = N I , and N = ^(Njlj). 

Further expressing the scalar no of the octonion force-power density N as 

no/vo = d w + V* • w + k a (a* ■ w + a w ) + k eg k a (A* ■ W + A* o W ) + k b (h* ■ w + k eg H* ■ W) . (42) 

In the gravitational field and the electromagnetic field with the operator (0 + k a A + k b M), the force density f can 
be defined from the vectorial part n of the octonion force-power density N , 

-2f = <9 w + \7*wo + V* x w + fc b w h* + k b h* x w + k eg k b (H* x W + H* o W ) 

+ k a (a*w + a* x w + a w) + k eg k a (A* xW + A*oW + A*o W ) , (43) 

where the force density f includes that of the inertial force, the gravitational force, the gradient of energy, Lorentz 
force, and the interacting force between the dipole moment with the two fields etc. This force definition is much more 
complex than that in the classical field theory, and includes more new force terms regarding the gradient of energy 
and the field potential etc. In case the field potential A is distinct enough, the force terms about the field potential 
will be detected. 



C. Helicity 



In the octonion space with the operator (0 + k a A + k b M), the current helicity and magnetic helicity [24[ may impact 
the gravitational mass density, the charge continuity equation, and the mass continuity equation etc. 



1. Field strength helicity 

The octonion linear momentum density P = (jS//J, g can be defined from the octonion field source S in the octonion 
space with the operator (0 + k a A + k b M), 

P = mvo + S (mvj {MVi , (44) 

where m = m{v^/v a ) + Am, Am = -(k a A* ■ B + fc b B* ■ B)/(u // ff ). 

According to the octonion features, the gravitational mass fh is one reserved scalar in the above, and is changed 
with the field strength M g and B e , the field potential A g and A e , and the helicity (k a A* ■ M + k b M* ■ B) etc, including 
the magnetic helicity A • B. 
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2. Field source helicity 

The part force density F is one part of the octonion force-power density N, and is defined from the octonion linear 
momentum density P , 

¥ = v (0 + k a A + k b M)* oP , (45) 

where the part force density includes that of the inertial force, gravitational force, Lorentz force, and the interacting 
force between the fields with the dipoles etc. 
The scalar / of F is written as, 

fo/vo = d p + V* • p + k a (a* • p + a p ) + k eg k a (A* • P + A* o P ) + k b (h* • p + k eg W • P) , (46) 

where the terms (a* • p + a p ), (A* • P + Ag o P ), and (h* • p + fc eg H* • P) are the helicity in the fields with the 
operator (0 + k a A + khM), including the current helicity k eg H* • P. 

The above is the mass continuity equation in the electromagnetic field and the gravitational field with the operator 
(0 + k a A + fcf,B), and it is influenced by the helicity of the electromagnetic field and of the gravitational field. The 
impact of the helicity may be significant especially in the strong fields. 

A new physical quantity ¥ q can be defined from the part force density F, 

F 9 = F o r . (47) 
The scalar part F of the ¥ q is written as, 

F /v = (d P + V* • P) o r + k a {a* • P + a P ) ° 1$ 

+ k eg k a (A* ■ p + Po A*) o T a + k b (h* • P + k eg H.* • p) o r , (48) 

where the last three terms are the helicity in the gravitational field and electromagnetic field. 

The above is the charge continuity equation in the case for coexistence of the gravitational field and electromagnetic 
field with the octonion operator (0 + fc a A + fc(,B) when F = 0. And this charge continuity equation is the invariant 
under the octonion coordinate transformation. It states that the potential and the strength of the gravitational and 
electromagnetic fields have the influence on the charge continuity equation, although the terms (a* • P + aoPo) ° Iq, 
(A* • p +p Aq) o JJ, (h* • P + k eg H.* ■ p) o Ijj, and Am are usually trifling in the weak fields. 



TABLE VII: Some physical quantities in the octonion spaces with the operator (0 + k a A + fcj,B). 

definitions meanings 

X field quantity 

A = o X field potential 

B = (0 + k a A) o A field strength 

R radius vector 

V = vq() o R velocity 

U = o V velocity curl 

fiS=-(0 + k a A + k b M)* o B field source 

U b = (k a A + k b M)* ■ 1 field strength helicity 

P = fjS/fig linear momentum density 

R = R + fc rl X compounding radius vector 

L = R o P angular momentum density 

W = vo(() + k a A + fcf,B) o L torque-energy densities 

N = u (0 + k a A + k b K)* o W force-power density 

F = -N/(2i>o) force density 

H s = (fc a A + k b M)* ■ P field source helicity 



VI. THE FIELDS REGARDING THE OPERATOR (0,A,B) 

In the electromagnetic field and gravitational field, the operator ((} + k a A + khM) can deduce some properties of two 
fields, including the angular momentum, current helicity, and magnetic helicity etc. However this description can not 
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depict the cross helicity and the kinetic helicity etc in the electromagnetic field and gravitational field. In this section, 
the operator (0 + k a A + k b M) should be replaced by one new combined operator (0 + fc a A + k b M) to encompass more 
features of the electromagnetic field and gravitational field simultaneously. 

By means of the operator (0 + fc a A + fc(,B) in the electromagnetic field and gravitational field, we can describe the 
field strength, field source, linear momentum, energy, torque, power, force, and helicity, including the current helicity, 
magnetic helicity, cross helicity, and kinetic helicity etc. 

A. Field source and torque 

In the electromagnetic field and gravitational field with the operator (0 + fc a A + k b M), some physical quantities will 
keep unchanged, except for the gravitational mass density and the helicity etc. 

In the octonion compounding space with the octonion operator (() + k a A + k b M), the octonion basis vector is written 
as E = (1, ii, i 2 , is, Iq, Ii, h, h), the octonion radius vector is K = X(ijfj + k eg IiRi), and the octonion velocity is 
V = + kegliVi). The octonion field strength, B = (0 + fc a A) o A = B g + k eg M e , is defined from the octonion field 

potential A = A g + k eg A e still. Herein the gravitational strength is B g = E(/ijZj) = ()oA g + k a (A g oA 9 + k^ g A e o A e ), 
while the electromagnetic strength is B e = E(£/j Jj) = o A e + k a (A e o A g + A g o A e ). Meanwhile the gauge equations 
are ho = and Hq — respectively. 

The linear momentum density § g is the source for the gravitational field, and the electric current density § e is that 
for the electromagnetic field. The octonion field source § satisfies 

u§ = -(0 + k a A + k b M)* oB = n g §g + fc eg u e § e - k a A* o B — k b M* o B , (49) 

where (fc a A* • B + k b W ■ B) is the field strength helicity, and (fc a A* • B + fc 6 B* • B)/(2^ g ) is the field energy density. 
A* • B denotes the scalar part of the octonion A* o B. 

The octonion linear momentum density isP = fiS/fj, g =Y,(piii + PiIi), and the octonion angular momentum density 
is L = loP = T,(liii + Lili). The octonion torque-energy density W is defined from the octonion angular momentum 
density L, the octonion field potential A, and the octonion field strength B, 

W = vo(0 + k a A + k b B)oL , (50) 

where W = S(u)jij) + S(WjJi); the — w /2 is the energy density, while the w/2 = T,(wjij)/2 is the torque density. 

p - npjijh Po = P 9 h; P = Z(PjIj). 
The scalar wq of W is written as, 

wq/vq = d l + V • 1 + k a & ■ I + k a a l + k eg k a (A ■ L + A o L ) + k b (h ■ I + k eg tl ■ L) , (51) 

where —wq/2 includes the kinetic energy, the gravitational potential energy, the electric potential energy, the magnetic 
potential energy, the field energy, the work, the interacting energy between the dipole moment with the fields, and 
some new energy terms, a = T,(a,jij), A = A I , A = T,(AjIj). I = L = L I , L = S(ZjJj). 

In a similar way, expressing the torque density w of W as 

w/vq = d l + Vf + V x I + k b l h + k b h x I + k eg k b (iL x L + H o L ) 

+ k a al + k a a. x I + fc a a T + k eg k a (A xL + A oL + Ao L ) , (52) 

where the above encompasses some new terms of the torque density. 

B. Force 

In the octonion compounding space with the octonion operator (0 + A: a A + k b M), the octonion force-power density, 
N = £(njij) + S(7Vj Jj), is defined from the torque-energy density W, 

N = -y (0 + fc a A + /c fc B)*oW , (53) 

where the power density is /o = — n /(2vo), and the force density is f = — n/ (2u ). The vectorial parts are n = S(nj%), 
N = Nolo, and N = ^(Njlj). 

Further expressing the scalar no of the octonion force-power density N as 

no/vo = d w + V* • w + k a {&* ■ w + a w ) + k eg k a (A* ■ W + A* o W ) + k b (h* ■ w + k eg U* ■ W) . (54) 
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In the gravitational field and the electromagnetic field with the operator (0 + k a A + fc&B), the force density f can 
be defined from the vectorial part n of the octonion force-power density N , 

-2f = <9 w + W*w + V* x w + k b w h* + k b h* x w + k eg k b (H.* x W + H* o W ) 

+ k a (a*w + a* x w + a w) + k eg k a (A* xW + A„oW + A*o W ) , (55) 

where the force density f includes that of the inertial force, the gravitational force, the gradient of energy, Lorentz 
force, and the interacting force between the dipole moment with the fields etc. This force definition is much more 
complex than that in the classical field theory, and includes more new force terms related to the gradient of energy, 
the field potential, and the angular velocity etc. In case the vorticity U is quick enough, the related force terms about 
the vorticity will be detected. 



C. Helicity 

In the electromagnetic field and the gravitational field, as one necessary part of the octonion compounding space 
with the octonion operator (0 + k a A + k b M), the helicity [25j will impact the gravitational mass density, the charge 
continuity equation, and the mass continuity equation etc. 



1. Field strength helicity 

The octonion linear momentum density P = fJ.S/fi g can be defined from the octonion field source § in the octonion 
compounding space with the operator (0 + k a A + k b M), 

P = mv + S(m% ij) + T,{MVi I;) , (56) 

where rh = m(v$/v ) + Am, Am = -{k a A* ■ B + k b M* ■ M)/(v fj, g ) . 

According to the octonion features, the gravitational mass fh is one reserved scalar in the above, and is changed with 
the field strength M g and B e , the field potential A g and A e , the enstrophy u* -u/8, and the helicity (k a A* -M + k b W -B) 
etc. The helicity covers the magnetic helicity A • B, the kinetic helicity v • u, the cross helicity V • B, and one new 
helicity term A • U etc. Herein A = T.(AjIj), B = Z(Bjlj), V = E(VjIj), U = E(UjIj). 



2. Field source helicity 



The part force density F is one part of the octonion force-power density N, and is defined from the octonion linear 
momentum density P , 

f = Vq (0 + k a A + k b M)* oP , (57) 

where the above part force density includes that of the inertial force, the gravitational force, Lorentz force, and the 
interacting force between the fields with the dipoles etc. 
The scalar /o of F is written as, 

fo/vo = d Q po + V* • p + fc Q (a* • p + a po) + k eg k a {A* ■ P + A* o P„) + k b (h* ■ p + k eg fC ■ P) , (58) 

where the terms (a* • p + aopo), (A* • P + Aq o P ), and (h ■ p + k eg H* ■ P) are the helicity terms in the two fields 
with the operator (0 + k a A + k b M). The helicity covers the magnetic helicity A • B, the kinetic helicity v ■ u, the cross 
helicity V • B, and the current helicity B* • P etc. 

The above is the mass continuity equation in the electromagnetic field and the gravitational field with the operator 
(0 + k a A + kbM), and it is influenced by the helicity of the electromagnetic field and of the gravitational field. The 
impact of the helicity may be significant especially in the strong fields. 

A new physical quantity ¥ q can be defined from the part force density F, 

F,-for . (59) 
The scalar part Fg of the ¥ q is written as, 

F /vo = (d Po + V* • P) o r + fc a (a* • P + a P ) o l£ 
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+ k eg k a {A* ■ p + Po A* Q ) o I* + k b (h* ■ P + k eg H* ■ p) o T Q , (60) 

where the last three terms are the helicity terms in the gravitational field and the electromagnetic field. 

The above is the charge continuity equation in the case for coexistence of the gravitational field and electromagnetic 
field with the octonion operator (0 + fc a A + k b M) when F — 0. And this charge continuity equation is the invariant 
under the octonion coordinate transformation. It states that the potential and the strength of the gravitational and 
electromagnetic fields have the influence on the charge continuity equation, although the terms (a* • P + a Po) ° Iq, 
(A* • p +p Aq) o JJ, (h • P + fcegH* • p) o JJ, and Am are usually trifling when the fields are weak enough. 

TABLE VIII: Some physical quantities in the octonion compounding spaces with the operator (0 + fc a A + kbM). 

definitions meanings 

X field quantity 

A = o X field potential 

B = (0 + k a A) o A field strength 

R radius vector 

V = «o0ol velocity 

U = o V velocity curl 

fjE = -(0 + k a A + k b B)* o B field source 

Hlf, = (k a A + k b ny ■ B field strength helicity 

P = fM/fig linear momentum density 

R = E + k rx X compounding radius vector 

L = R o P angular momentum density 

W = wo(0 + k a A + k b M) o L torque-energy densities 

N = «o(0 + fcaA + fc(,B)* o W force-power density 

F = -N/(2w ) force density 

H 3 = (fc a A + k b ny -P field source helicity 



VII. THE FIELDS REGARDING THE OPERATOR (0, X, A, B) 

In the electromagnetic field and the gravitational field, the operator (0 + fc a A + fc^B) can conclude the most of the 
two fields' properties, including the angular momentum, the current helicity, the magnetic helicity, the cross helicity, 
and the kinetic helicity etc of the rotational objects and spinning charged objects. The results arouse us to speculate 
that there may be other physical quantities affecting the helicities. In this section, the operator (() + k a A+kbM) should 
be replaced by one new combined operator (§+k x X+k a A+kbM) to contain more characteristics of the electromagnetic 
field and gravitational field simultaneously, with the k x being the coefficient for the dimensional homogeneity. 

By means of the operator (0 + k x X + k a A + kbM) in the electromagnetic and gravitational fields, we can depict the 
field strength, the field source, the linear momentum, the energy, the torque, the force, and the helicity, including the 
influence of X on the gravitational mass, the charge continuity equation, and the mass continuity equation. 

A. Field source and torque 

In the electromagnetic field and the gravitational field with the operator (0 + k x X + k a A + kbM), some quantities 
will keep unchanged, except for the gravitational mass density and the helicity etc. 

In the octonion compounding space with the operator (0 + k x lL + k a A + kbM), the octonion basis vector is E = 
(1, ti, h, *3, Iq, I\,l2,Iz), the radius vector is R = E(ijfj + k eg IiRi), and the velocity is V = + k eg IiVi). The 

octonion field potential is defined as A = (0 + ^X) o X = A g + k eg A e . The gravitational potential is A g — E(Sjij) = 
{> oX g + k x (K g oX 9 + k^ g X e oX e ), while the electromagnetic potential is A e = £(Aiii) = o X e + fc 2 (X e oX 9 + X g oX e ). 
Meanwhile the octonion field strength is defined as B = (0 + k x X + k a A) oA = l 9 + k eg M e . The gravitational strength 
is M g = Yjihiii) = o A g + k x (X. g o A g + k^ g X e o A e ) + k a (A g o A g + k^ g A e o A e ), while the electromagnetic strength is 
B e = S(fiiii) = o A e + fc x (X e o A g + X 9 o A e ) + k a (A e o A g + A g o A e ). The gauge equations are ho = and Ho = 0. 
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The linear momentum density § 9 is the source for the gravitational field, and the electric current density § e is that 
for the electromagnetic field. The octonion field source § satisfies 

Ai§ = -(0 + k x X + k a A + k b B)* o B = HgSg + fc e9 ^ e § e - k x X* o B — fc a A* o B - k b M* o B , (61) 

where (k x X* ■ B + fc a A* • B + k b M* ■ B) is the_field strength helicity._ 

The octonion linear momentum density is P = fjS/fi g — T l (p i i i + P^ii), and the octonion angular momentum density 
is L = MoP = Tjijiii+Lili). The octonion torque-energy density W is defined from the octonion angular momentum 
density L, the octonion field potential A, and the octonion field strength B etc, 

W = v (0 + k x X + k a A + k b M)oL , (62) 

where the octonion W = S(u)iii) + E(Wjij); the — u>o/2 is the energy density, and the w/2 = T,(wjij)/2 is the torque 
density, p = S i,- )| P = P h \ P = S (Pj I,- ) . 
The scalar wq of W is written as, 

w /v = d a lo + V • T+ fc a a • I + fc a a o r o + k eg k a (A ■ L + A o L ) + fc b (h • I + fc eg H • L) 

+ k x ± ■ 1 + k x xj + k eg k x (X. • L + X o L ) , (63) 

where — w)o/2 includes the kinetic energy, gravitational potential energy, electric potential energy, magnetic potential 
energy, field energy, work, the interacting energy between the dipole moment with the fields, and some new energy 
terms, x = T,(xjij), X = X I 0} X = T,(XjIj). 

In a similar way, expressing the torque density w of W as 

w/u = d a l + Vf + V x T + k b l Q h + k b h xI+fc es fc t (H xL + Ho L ) 
+ k a al Q + k a a x T + k a a Q l + k eg k a (A xL + A oL + Ao L ) 

+ k x xl a + k x x x 1 + k x x Q l + k eg k x (X x L + X o L + X o L ) , (64) 
where the above encompasses some new terms of the torque density. 



B. Force 



In the octonion compounding space with the operator (0 + + fc a A + k b M), the octonion force-power density, 
N = S(njij) + E(iVj/j), is defined from the torque-energy density W, 

N = v (0 + k x X + k a A + k b M)* oW , (65) 

where the power density is /o — —n n /(2v ), and the force density is f = —h/(2vo). The vectorial parts are n = T,(fijij), 
N = N I , and N = ^{Njlj). 

Further expressing the scalar n of the octonion force-power density N as 

n /v = d w a + V* • w + k b (h* ■ w + k eg H* ■ W) + fc Q (a* • w + a w ) + k eg k a (A* ■ W + Aq o W ) 

+ fc x (x* • w + x wo) + k eg k x (X* ■ W + X* o Wo) . (66) 

In the gravitational field and the electromagnetic field with the operator (0 + k x X + k a A + k b M), the force density 
f can be defined from the vectorial part n of the octonion force-power density N , 

-2f = d w + V*w) + V* x w + k b w h* + k b h* x w + fc eg fc b (H* x W + H* o W ) 
+ k a (a*w Q + a* x w + a w) + k eg k a (A* xW + AJoW + A'o W ) 

+ k x (5t*w + x* x w + x w) + k eg k x (X* xW + XgoW + X*o W ) , (67) 

where the force density f includes that of the inertial force, gravitational force, gradient of energy, Lorentz force, and 
the interacting force between the dipole moment with the fields etc. This force definition includes more new force 
terms regarding the gradient of energy, the field potential, and the angular velocity etc. In case the octonion X is 
distinct enough, the related force terms could be detected. 



C. Helicity 

In the octonion compounding space with the operator (0 + k x X + k a A + k b M), some helicity terms will impact the 
gravitational mass density, the charge continuity equation, and the mass continuity equation etc. 
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1. Field strength helicity 

The octonion linear momentum density P = /i§//i 9 can be defined from the octonion field source S in the octonion 
compounding space with the operator (0 + k x % + k a A + k b W), 

P = mv + E(mVjij) + ^(MVJ,) , (68) 

where m = m(v$/v ) + Am, Am = -{k x X* ■ I + k a A* ■ B + k b W ■ M)/(v fi g ) . 

According to the octonion features, the gravitational mass fh is one reserved scalar in the above, and is changed 
with the field strength B g and B e , the_field potential A g and A e , the helicity (k x X* ■ B + fc Q A* • B + k b M* • B), the 
enstrophy u* • u/8, and the octonion X g and X e etc in the octonion compounding space. The helicity covers the 
magnetic helicity A • B, the kinetic helicity v • u, the cross helicity V • B, and one new helicity term A • U etc. 



2. Field source helicity 

The part force density F is one part of the octonion force-power density N, and is defined from the octonion linear 
momentum density P , 

W = v (<) + k x X + k a A + k b M)* oP , (69) 

where the part force density includes that of the inertial force, gravitational force, Lorentz force, and the interacting 
force between the fields with the dipoles etc. 
The scalar fo of F is written as, 

Io/vq = d pQ + V* • p + fc b (h* • p + k eg U* ■ P) 

+ k a (a* ■ p + a po) + k eg k a (A* ■ P + A* o P ) 

+ k x (x* ■ p + x po) + k eg k x (X* - P+X^oPo), (70) 

where the field source helicity in the fields with the operator (0 + k x X + k a A + k b M) covers the terms (a* • p + aopo), 
(A* • P + Ag o P ), (h • p + fc eg H* • P), (x* • p + xqPq), and (X* • P + Xg o P ) etc. And they include the magnetic 
helicity A • B, the kinetic helicity v • u, the cross helicity V ■ B, and the current helicity B* • P etc. 

The above is the mass continuity equation in the electro mag netic field and the gravitational field with the operator 
(0 + k x X + k a A + fc(,B), and it is influenced by the helicity [26| of electromagnetic field and of gravitational field. The 
impact of the helicity may be detected in the strong fields. 

A new physical quantity ¥ q can be defined from the part force density F, 

F, = For . (71) 



TABLE IX: Some quantities in the octonion compounding spaces with the operator (0 + k x X + k a i 



definitions 



meanings 



A = (0 + k x X) o X 
B = (0 + k x t + k a A) o 
t 

V = vqO o I 
U = 0o V 

fj&= -{0 + k x X + k a A 
M b = {k x t + k a A + k b l 

P = M s/ Ms 

R = R + k rx X 
L = RoP 

W = v «> + k x l + k a A 
N = t; (0 + k x t + k a A 
¥ = -N/(2v ) 
M s = {k x l + k a A + k b 



field quantity 
field potential 
A field strength 

radius vector 
velocity 
velocity curl 
+ k b M)* oB field source 
)* • B field strength helicity 

linear momentum density 
compounding radius vector 
angular momentum density 
, + kbM) o L torque-energy densities 
+ fcf,B)* o W force-power density 

force density 
J)* ■ P field source helicity 
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The scalar part F of the ¥ q is written as, 

Fa/v = (<9 P + V* • P) o I* + k a (a* • P + a P ) o T + k eg k a (A* ■ p + p A* a ) o I* 

+ fc x (x* • P + zoPo) o r + k eg k x (x* • p +p x*) o r + h(h* ■ P + k eg u* ■ p) o r , (72) 

where the last five terms are the helicity in the gravitational field and electromagnetic field. 

The above is the charge continuity equation in the case for coexistence of the gravitational field and electromagnetic 
field with the octonion operator (0 + k x lL + fc a A + k b M) when Fq = 0. And this charge continuity equation is the 
invariant under the octonion coordinate transformation. It states that the potential A, the strength B and the octonion 
X of the gravitational and electromagnetic fields have the influence on the charge continuity equation, although the 
terms (a*.P + a Po)°iS, (A* • p + Po A*) ° r o , (h* • P + k eg ti* • p) o r o , (x* • P + x P ) o ' T , (X* • p + p X*) o r o , 
and Am are usually trifling when the fields are faint enough. 

VIII. THE FIELDS REGARDING THE OPERATOR (0,X,A,B,S) 

In the electromagnetic and gravitational fields, the octonion operator (0 + k x X + k a A + k b M) can deduce some 
physical properties of two fields, including the linear momentum, the angular momentum, and some helicities of the 
rotational objects as well as the spinning charged objects. Those researches inspirit us further to presume that the S 
may impact the helicities. In this section, the octonion operator (0 + k x JL + k a A + k b M) should be replaced by one 
combined operator (0 + k x JL + k a A + kf,M + k s S>) to comprise more features of the electromagnetic field and gravitational 
field simultaneously, with the k s being the coefficient for the dimensional homogeneity. 

By means of the octonion operator (0 + k x X + k a A + fc(,B + k s §) in the electromagnetic and gravitational fields, 
we can bewrite the field strength, the field source, the linear momentum, the energy, the torque, the force, and the 
helicity, including the influence of § on the torque, the force, and the helicity etc. 

A. Field source and torque 

In the electromagnetic field and the gravitational field with the octonion operator (0 + k x JL + k a A + kbE + k s S), the 
most of physical quantities will keep unchanged, except for the gravitational mass density and the helicity terms etc. 
Some octonion physical quantities in the octonion compounding space with the operator (0 + k x lL + k a A + fc(,B + k s S) 
are the same as that with the octonion operator (0 + k x JL + k a A + fcj,B), including the octonion basis vector, the 
octonion radius vector, the octonion velocity, the octonion velocity curl, the field potential, the gravitational potential, 
the electromagnetic potential, the octonion field strength, the gravitational strength, the electromagnetic strength, 
the field source, the linear momentum, the electric current, the gauge equations, and the field strength helicity etc. 

The octonion linear momentum density is P = fjS/(i g = H(piii +Pj/j), and the octonion angular momentum density 
is L = MoP = ^(liii + Lili). Meanwhile the octonion torque-energy density W is defined from the angular momentum 
density L, the field strength B, and the field source S etc, 

W = v Q (() + k x X + k a A + k b M + k s §)oL , (73) 

where S = S(sjij) + k eg T,(SiIi); — wq/2 is the energy density, w/2 = Y,{wjij)/2 is the torque density. 
The scalar w Q of the octonion W = E(u)jij) + Y>(WiIi) is written as, 

wo/«o = dnh + V • 1+ k b (h ■ I + k eg H. ■ L) 

+ fc a a • I + k a a Q l + k eg k a (A ■ L + A o L ) 
+ k x x ■ I + k x x l + k eg k x (X. • L + X o L ) 

+ k s s-l + k s s l a + k eg k s (S-L + S oL a ) , (74) 

where —wq/2 includes the kinetic energy, gravitational potential energy, electric potential energy, magnetic potential 
energy, field energy, work, the interacting energy between the dipole moment with the fields, and some new energy 
terms, s = Y,(sjij), So = Solo, S = Y,(SjIj). 

In a similar way, expressing the torque density w of W as 

w/u = d a l + Vf + V x T + k b l h + k b h x\ + k eg k b (il x L + HoL ) 
+ k a al Q + k a a x T + k a a a l + k eg k a (A x L + A o L + A o L ) 
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+ k x xlo + k x x x 1 + k x xol + k eg k x (X. x L + Xo oL + Xo Lq) 

+ k s sl + k s s x I + k s s l + k eg k s (S xL + S oL + So Lq) , (75) 
where the above encompasses some new terms of the torque density. 



B. Force 

In the octonion compounding space with the operator (() + k x lL+k a A+k b M + k s S), the octonion force-power density, 
N = E(rijii) + S(iVjli), is defined from the torque-energy density W, 

n = v (o + k x x + k a k + k b m + k s §,y ow , (76) 

where the power density is f = — fio/(2vo), and the force density is f = — n/ (2vq). The vectorial parts are n = E(n,-»j), 
N = N I , and N = T,(NjIj). 

Further expressing the scalar no of the octonion force-power density N as 

no/vo = d wo + V* • w + k b (b* ■ w + k eg ¥L* • W) 

+ k a (a* ■ w + a w ) + k eg k a (A* - W + A* Q o W ) 
+ k x (yL* ■ w + x w ) + k eg k x (X* • W + Xq o W ) 

+ k s (s* ■ w + s Q w Q ) + k eg k s (S* • W + Sq o Wo) • (77) 

In the gravitational field and electromagnetic field with the operator (0 + k a A + ki,M + k s E>), the force density 

f can be defined from the vectorial part fi of the octonion force-power density N , 

-2f = <9 w + V*ui + V* x w + k b w h* + k b h* x w + k eg k b (H* x W + H* o W ) 
+ k a (a*wo + a* x w + a w) + k eg k a (A* xW + AqoW + A*o W ) 
+ k x (x*w + x* x w + x Q \v) + k eg k x (X* xW + XqoW + X*o W ) 

+ k s {s*w Q + s* x w + s w) + fc es fc fl (S* x W + S*oW + S*oW ) , (78) 

where the force density f includes that of the inertial force, the gravitational force, the gradient of energy, Lorentz 
force, and the interacting force between the dipole moment with the fields etc. This force definition is more complex 
than that in the classical field theory, and includes more new force terms regarding the gradient of energy, the field 
potential, and the angular velocity etc. 



C. Helicity 

As the inference of the compounding space with the operator (0 + k x ~K + k a A + k b B + k s §), the helicity [27j will 
impact the gravitational mass, the charge continuity equation, and the mass continuity equation etc. 



1. Field strength helicity 

The octonion linear momentum density P = /i§//i g can be defined from the octonion field source S in the octonion 
compounding space with the operator (0 + k x l£. + k a A + k b M + k s S), 

P = mvo + ^(mvjij) + ^{MVJi) , (79) 

where m = m + Am, Am = ~{k x X* ■ B + fc a A* • B + fc b B* ■ M)/(v fi g ) . 

According to the octonion features, the gravitational mass rh is one reserved scalar in the above, and is changed 
with the field strength M g and B e , the_field potential A g and A e , the helicity (k x X* ■ B + fc a A* • B + k b W ■ B), the 
enstrophy u* • u/8, and the octonion X s and X e etc in the octonion compounding space. The helicity covers the 
magnetic helicity A • B, the kinetic helicity v • u, the cross helicity V • B, and one new helicity term A • U etc. But 
the field source S does not impact the field strength helicity in the octonion compounding space with the octonion 
operator (0 + k x X + k a A + k b M + k s E>). And that this field can not be distinguished from the compounding space with 
the octonion operator (0 + k x X + k a A + k b M), according to the viewpoint of the field strength helicity. 



20 



TABLE X: Some quantities with the octonion operator (0 + k x X + k a A + k b M + k s S). 

definitions meanings 

X field quantity 

A = (0 + k x X) o X field potential 

B = (0 + k x X + k a A) o A field strength 

R radius vector 

V = vqO o R velocity 

U = o V velocity curl 

H$ = -(0 + k x X + k a A + k b ny o I field source 

fit, = (k x X + k a A + k b ny ■ 1 field strength helicity 

P = (jB/ \i g linear momentum density 

R = R + k rx X compounding radius vector 

L = IoP angular momentum density 

W = «o(0 + k x X + k a A + k b % + fc s §) o L torque-energy densities 

N = «o(0 + k x X + k a A + k b M + k s S)* o W force-power density 

F = -N/(2t>o) force density 

fl, = (k x X + k a A + k b M + ksB)* ■ P field source helicity 



2. Field source helicity 

The part force density F is one part of the octonion force-power density N, and is defined from the octonion linear 
momentum density P , 

¥ = v (0 + k x X + k a A + k b M + k s S)* of , (80) 

where the part force density F includes the density of the inertial force, the gravitational force, Lorentz force, and the 
interacting force between the fields with the dipoles etc. 
The scalar /o of F is written as, 

fo/vo = d po + V* • p + k b (h* ■ p + k eg fl* ■ P) 

+ k a (&* ■ p + a p ) + k eg k a (A* ■ P + A* o P ) 
+ k x (x* - p + x po) + k eg k x (X* ■ P + Xq o P ) 

+ k s (s* ■ p + s p ) + k eg k s (S* • P + S* o P ) , (81) 

where the field source helicity in the fields with the octonion operator (0 + k x X + k a A + kbM + k s §) covers the helicity 
terms_(a*^p + a po), (A* - P + AooPo), (h* • p + k eg B* • P), (x* - p + xopo), (X* -P + XooPo), (s* • p + s p ), 
and (S • P + S o P ) etc. And they include the magnetic helicity A • B, the kinetic helicity v • u, the cross helicity 
V • B, and the current helicity B* • P etc. 

The above is the mass continuity equation in the electromagnetic field and the gravitational field with the operator 
(0 + k x X. + k a A + kiM + k s S), and is influenced by the helicity of electromagnetic field and the gravitational field. The 
impact of the helicity related to the § may be detected sometimes. 

A new physical quantity ¥ q can be defined from the part force density F, 

F, = F o r a . (82) 
The scalar part F of the F q is written as, 

f /v = (d p + v* • p) o r + k b {h* ■ P + k eg fC -p)or 

+ k a (& ■ P + aoPo) ° -^o + k eg k a (A ■ 

eg &x 

(X •p + poX^oJj; 

+ k s (s* ■P + s P )or + k eg k s (S* -p+p So)o7S , (83) 
where the last seven terms are the helicity in the gravitational field and electromagnetic field. 
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The above is the charge continuity equation in the case for coexistence of the gravitational field and electromagnetic 
field with the octonion operator (0 + fc x X + k a A + k b M + k s B) when F = 0. And this charge continuity equation is 
the invariant under the octonion coordinate transformation. It states that the physical quantity X, A, B, and S of the 
gravitational field and the electromagnetic field have the influence on the charge continuity equation, although the 
terms (a* • P + a P ) ° ^o, (A* • p + p A* ) o f , (h* • P + k eg H* • p) o f , (x* • P + x P ) o f , (X* • p + poX^) o f , 
(s* • P + s Pq) ° Iq, (S p + PqS ) o ij, and Am are usually trifling when the fields are feeble enough. 



IX. THE FIELDS REGARDING THE OPERATOR (0,X, A,B,S,L) 

In the electromagnetic field and gravitational field, the octonion operator (0 + k x X + k a A + k b M + k s §>) can derive 
the physical properties of two fields, including the octonion linear momentum, the octonion angular momentum, the 
energy, the torque, the power, the force, and some helicities of the rotational objects as well as the spinning charged 
objects. Further those results lead us to assume that the angular momentum L may exert an influence on the helicities. 
In this section, one new octonion operator (0 + fc x X + fc a A + fc&B + k s §> + fc;L) will instead of the octonion operator 
(0 + k x X + k a A + fcf,B + k s S) to include more properties of the electromagnetic and gravitational fields simultaneously, 
with the ki being the coefficient for the dimensional homogeneity. 

By means of the octonion operator (0 + k x X + k a A + k b M + k s E> + kiL) in the electromagnetic field and gravitational 
field, we can represent the octonion field potential, the octonion field strength, the octonion field source, the octonion 
linear momentum, the energy, the torque, the force, and some helicities, including the influence of the L on the torque, 
the force, and the helicity etc. 

A. Field source and torque 

In the electromagnetic and gravitational fields with the operator (0 + k x X + k a A + k b M + k s §> + fc;L), the majority 
physical quantities will remain the same, except for the gravitational mass density, the charge continuity equation, the 
mass continuity equation, and the helicity terms etc. Some octonion physical quantities in the octonion compounding 
space with the octonion operator (0 + k x X + k a A + k b M + k s E> + k{h) are the same as that in the space with the operator 
(0 + k x % + k a A + ki,M + k s §) respectively, including the octonion basis vector, the octonion radius vector, the octonion 
velocity, the octonion vorticity, the octonion field potential, the gravitational potential, the electromagnetic potential, 
the octonion field strength, the gravitational strength, the electromagnetic strength, the octonion field source, the 
octonion linear momentum, the electric current, and the field strength helicity etc. 

The octonion linear momentum density is P = n§/n g — S(pjij + Pj/j), and the octonion angular momentum density 
is L = MoP = Y.(liii + Lili). Meanwhile the octonion torque-energy density W is defined from the angular momentum 
density L, the field strength B, and the field source S etc, 

W = u (0 + k x X + k a A + k b B + k s S + fcjL) o L , (84) 

where S = S(sjij) + k eg T,(Si Jj); — u>o/2 is the energy density, w/2 = Y,{wjij)/2 is the torque density. 
The scalar wq of the angular momentum density W = + £(Wi Ii) is written as, 

wo/^o = cWo + V • T + h(h •! + fc eg H • L) 
a • 1 + k a a a l a + k 

eg 

(A • L + A o L ) 

+ k x x ■ I + k x x l + k eg k x (X ■ L + X o L ) 
+ k s s ■ I + k s s l + k eg k s (S • L + S o L ) 

+ fc;T-l+fc;Z^ + A; es A; ; (L-L + LooLo) , (85) 

where —w$/2 includes the kinetic energy, the gravitational potential energy, the electric potential energy, the magnetic 
potential energy, the field energy, the work, the interacting energy between the dipole moment with the fields, and 
some new energy terms. 1 = T,(ljij), L = L Io, L = T,(LjIj). = 

In a similar way, expressing the torque density w of the angular momentum density W as 

w/vo = d l + Vf + V x I + fc 6 r o h + k b h x I + k eg k b (H x L + H o L ) 

+ k a al + k a 8L x T + fc a a T+ k eg k a (A xL + A oL + Ao L ) 

+ k x xlo + k x x x 1 + k x xol + k eg k x (X. x L + Xq o L + X o Lo) 

+ k s sl + k s s x I + k s s l + k eg k s (S xL + SooL + So L ) + 2kJ l , (86) 
where the above includes some new terms of the torque density. 
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B. Force 

In the octonion compounding space with the operator (0 + k x X + fc a A + k b M + k s E> + fc;L), the octonion force-power 
density, N = S(fijij) + E(iVjJj), is defined as follows, 

N = w (0 + + k a A + k b M + k s § + hL)* o W , (87) 

where the power density is fo = — no/(2i>o), and the force density is f = — n/ (2vo). The vectorial parts are n = T,(fijij), 
N = Nolo, and N = E(JVjIj). 

Further expressing the scalar no of the octonion N as 

n /w = d a wQ + V* • w + fc 6 (h* • w + k eg ¥L* ■ W) 

+ fc a (a* • w + a a w Q ) + k eg k a (A* ■ W + A* o W ) 
+ fe x (x* • w + 5 w ) + ^^(X* • W + X* o W ) 
+ fc s (s* • w + s Q w Q ) + k eg k s (S* ■ W + So o W ) 

+ h(T ■ w + T ^o) + fc eg fc;(L* • W + L; o W ) . (88) 

In the gravitational field and electromagnetic field with the octonion operator (0 + k x X + k a A + fc&B + k s E> + kiL), 
the force density f can be defined from the vectorial part n of N , 

-2f = <9 w + V*w Q + V* x w + k b w Q h* + fcbh* x w + k eg k b (H* x W + H* o W ) 
+ k a (a*w + a* x w + a w) + k eg k a (A* xW + AJof + A'o Wo) 
+ k x (x*w + x* x w + x w) + k eg k x (X* xW|XjoW + X*o W ) 
+ k s (s*w Q + s* x w + s w) + k eg k s (S* xW + SjoW + S'o W ) 

+ ki(Tw +T* x w + T w) + k eg ki(L* x W + L„ oW + L* oW ) , (89) 

where the force density f includes that of the inertial force, the gravitational force, the gradient of energy, Lorentz 
force, and the interacting force between the dipole moment with the two fields etc. The above force is much longer 
than that in the classical field theory, and includes more new force terms related to the gradient of energy, the field 
potential, and the angular velocity etc. 



C. Helicity 

In the compounding space with the octonion operator (0 + fc x X + fc a A + k b M + k s S + fc;L), some helicities [28| and 
the speed of light will impact the mass continuity equation and the charge continuity equation etc. 



1. Field strength helicity 

The octonion linear momentum density P = fi§/ fi g is defined from octonion the field source S in the compounding 
field with the operator (0 + k x X + k a A + k b M + k s E> + k{L), 

P = mvo + E(mvj ij) + ^(MVJi) , (90) 

where m = m(v§/v ) + Am, Am = -(k x X* ■ I + fc a A* • 1 + k b M* ■ I)/(« /i 9 ). 

According to the octonion features, the gravitational mass fh is one reserved scalar in the above, and is changed 
with the field strength M g and B e , the field potential A g and A e , the helicity (k x X* ■ B + fc Q A* • I + k b W ■ I), the 
enstrophy u* ■ u/8, and the octonion X g and X e etc in the octonion compounding space. The helicity covers the 
magnetic helicity A • B, the kinetic helicity v • u, the cross helicity V • B, and one new helicity term A • U etc. 

However the octonion angular momentum L does not influence the field strength helicity in the compounding space 
with the octonion operator (0 + k x ~X. + fc a A + k b M + k s S + fc/L). Consequently we can not distinguish this field from 
some fields with other octonion operators, according to the viewpoint of the field strength helicity. 
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TABLE XI: Some quantities with the octonion operator (0 + + fc a A + k b B + k s S + fcjL). 

definitions meanings 

X field quantity 

A = (0 + k x X) o X field potential 

B = (0 + k x t + k a A) o A field strength 

R radius vector 

V = «oO ° R velocity 

U = o V velocity curl 

H§> = -(0 + k x X + k a A + k b M)* o I field source 

fife = (fczX + fc a A + fci,!)* ■ B field strength helicity 

¥ = (jB/iJ,g linear momentum density 

R = E + fc rl X compounding radius vector 

L = loP angular momentum density 

W = «o(0 + feiX + fc a A + fc 6 B + fc s § + fc ; L) o L torque-energy densities 

N = «o(0 + k x X + k a A + k b M + k s S + fc;L)* o W force-power density 

F = -N/(2«o) force density 

M s = (fc^X + k a A + fcbg + fc s § + kit)* ■ P field source helicity 



2. Field source helicity 

The part force density F is one part of the octonion force-power density N, and is defined from the octonion linear 
momentum density P , 

F = w (0 + k x X + k a A + k b M + k s S + kit)* o P , (91) 

where the part force density includes that of the inertial force, gravitational force, Lorentz force, and the interacting 
force between the fields with the dipoles etc. 
The scalar / of the octonion F is written as, 

fo/vo = dopo + V* • p + k b (h* ■ p + kegil* ■ P) 

+ k a (a* ■ p + a p ) + k eg k a (A* • P + Aq o P ) 
+ k x (x* ■ p + x po) + k eg k x (X* • P + Xq o P ) 
+ k s (s* ■ p + s po) + k eg k s (S* ■ P + Sq o P ) 

+ k t (T ■ p + loPo) + k eg h{V ■ P + V o P ) , (92) 

where the field source helicity in the two fields with the octonion operator (0 + k x X + k a A + k b M + k s E> + fc;L) covers 
the terms (a* p + aopo), (A* -P + A* o_P ) 2 (h* ■ p + k eg fl* ■ P), (x* • p + x p ), (X* • P + X.* o P ), (s* • p + s p ), 
(S • P + S o P ), (1 p + l po), and (L • P + L o P ) etc. And that they include the magnetic helicity A • B, the 
kinetic helicity v • u, the cross helicity V • B, the current helicity B* • P, and some other new helicity terms etc. 

The above is the mass continuity equation in the electromagnetic field and the gravitational field with the octonion 
operator (0 + k x X + k a A + k b M + k s S + k{L), and is effected by the speed of light vq and some helicity terms of the 
rotational objects as well as of the spinning charged objects. The impact of the field source helicity about the L may 
be detected sometimes. 

A new physical quantity ¥ q can be defined from the part force density F, 

F 9 = F o r . (93) 
The scalar part -Fb of the ¥ q is written as, 

F Q /v = (d Po + V*-P)ot + k b {h* ■ P + k eg ll* -p)ol* 

+ k a (a* ■ P + a Po) (A -p + p A )oi2 

+ k x (5c* ■ P + xqPq) o + k eg k x (X -p+;poX ) o 7^ 
+ k s (s* ■ P + s P ) of„ + k eg k s (S* ■ p + pqSq) o r 
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+ ki (1* • P + ^oPo) o r + k eg h (L* • p + poL^) o I* , (94) 

where the last nine terms are the helicity in the gravitational field and electromagnetic field. 

The above is the charge continuity equation in the case for coexistence of the gravitational field and electromagnetic 
field with the octonion operator (0 + k x X + k a A + fc(,B + fc s § + kih) when the scalar F — 0. And this charge continuity 
equation is the invariant under the octonion coordinate transformation. It states that the X, A, B, §, and L of the 
gravitational field and electromagnetic field have the influence on the charge continuity equation, although the terms 
(a* • P + a _Po) o %,_(A* • p +_p A* ) ° JJ, (h* • P + k eg H*_-f>) o _(x* • P + x P ) o r o , (X* • p + poX^) o JJ, 
(s* • P + soPo) o -?o, (S • p +poS ) o i^, (1 • P + ZoPo) ^o; (L • P +PoL ) o JJ, and Am are usually petty when the 
electromagnetic field and the gravitational field are ignorable. 



X. THE FIELDS REGARDING THE OPERATOR (0,X, A,B,S,L, W) 

In the electromagnetic and gravitational fields, the octonion operator ((} + k x X + k a A + fc^B + k s §> + kih) concludes 
the physical properties of two fields, including the linear momentum, the angular momentum, the energy, the torque, 
the power, the force, and some helicities of the rotational objects and of the spinning charged objects. Further those 
inferences lead us to suppose that the angular momentum W may have an influence on the helicities. In this section, 
one new operator (() + k x X+kaA+ki ) M + k s S+kih + k w W) will substitute the operator (() + k x X+k a A+kbM + k s Si+kih) 
to include more properties of the electromagnetic and gravitational fields simultaneously, herein the k w — 2n/(voh) 
is the coefficient, with the h being the Planck constant by comparing with the quantum mechanics. 

By means of the new octonion operator (0 + k x X + k a A + fc^B + fc s S + fc;L + k w W) in the electromagnetic field 
and the gravitational field, we can represent the octonion field potential, the octonion field strength, the field source, 
the linear momentum, the angular momentum, the energy, the torque, the force, and some helicities, including the 
influence of the W on the torque, the force, and the helicity etc. 

A. Field source and torque 

In the electromagnetic and gravitational fields with the octonion operator (0 + k x X + k a A + ki,M + k s §> + fc/L + k w W) , 
the majority physical quantities will remain the same, except for the gravitational mass density, the mass continuity 
equation, the charge continuity equation, and the helicity terms etc. Some octonion physical quantities in the octonion 
compounding space with the octonion operator (0 + k x X + k a A + fc^B + k s E> + kih + k w W) are the same as that in the 
space with the octonion operator (0 + k x % + fc a A + fc^B + k s S + kih) respectively, including the octonion basis vector, 
the octonion radius vector, the octonion velocity, the octonion vorticity, the octonion field potential, the compounding 
gravitational potential, the compounding electromagnetic potential, the gravitational strength, the electromagnetic 
strength, the octonion field strength, the octonion field source, the octonion linear momentum, the octonion angular 
momentum, the gauge equations, and the field strength helicity etc. 

B. Force 

In the compounding space with the octonion operator (0 + k x X + k a A + fc(,B + k s H + kih + k w W), the octonion 
force-power density, N = S(njij) + E(JVjJj), is defined as follows, 

N = w (0 + k x X + k a A + k b M + k s H + kih + k w W)* o W , (95) 

where the power density is /o = — hq/(2vo), and the force density is f = — n/ (2i>o). The vectorial parts are n = T,(n,jij), 
N = Nolo, and N = E(NjIj). 

Further expressing the scalar n of the octonion N as 

n /va = d a wa + V* • w + k b (h* ■ w + fc e9 H* • W) 

+ fc a (a* • w + d a w a ) + k eg k a (A* ■ W + A* o W ) 
+ fc x (x* • w + x w Q ) + k eg k x (X* • W + X* o W ) 
+ fc s (s* • w + s a w Q ) + k eg k s (S* • W + So o W ) 
+ ki(\* ■ w + l w ) + k eg h(V • W + L* o W ) 

+ k w (w* ■ w + wl) + k eg k w (W* -W + WqoWo) . (96) 
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In the gravitational and electromagnetic fields with the octonion operator (0 + k x X + k a A + k b M + k s S + fc;L + k w W) , 
the force density f can be defined from the vectorial part n of the octonion N , 

-2f = 9 w + \7*w + V* x w + k b w h* + k b h* x w + k eg k b (H* x W + H* o Wo) 
+ fc a (a*w + a* x w + a w) + k eg k a (A* xW + AJoW + A'o Wo) 
+ k x (x.*w + x* x w + x w) + k eg k x (X* xW + XjoW + X'o W ) 
+ fc s (s*w + s* x w + s w) + k eg k s (S* xW + SjoW + S'o W ) 

+ ki(Tw + T x w + f w) + k eg ki(L* xW + LqoW + L*o W ) , (97) 

where the force density f includes that of the inertial force, the gravitational force, the gradient of energy, Lorentz 
force, and the interacting force between the dipole moment with the two fields etc. The above force definition is much 
longer than that in the classical field theory, and includes more new force terms related to the gradient of energy, the 
field potential, and the angular velocity etc. 



C. Helicity 

As the derivation of the compounding space with the operator (0 + k x X + k a A + k b M + k s E> + k{L + 
helicity terms [29j, 30] will impact the mass continuity equation and the charge continuity equation etc. 



1. Field strength helicity 

The octonion linear momentum density, P = fiS/ /i g , can be defined from the octonion field source S in the octonion 
compounding space with the operator (0 + k x X + k a A + k b M + k s S + fc;L + k w W), 

P = mvo + E(muj%) + E(MV^I i ) , (98) 

where m = m{v 5 /v Q ) + Am, Am = -(k x X* ■ I + fc a A* • B + k b W ■ M)/(v fi g ) . 

According to the octonion features, the gravitational mass m is one reserved scalar, and is changed with the field 
strength B 9 and B e , the field potential A g and A e , the helicity (k x X* ■ B + fc a A* • B + k b M* ■ B), and the octonion % g 
and X e etc in the octonion compounding space. The helicity includes the magnetic helicity A • B, the kinetic helicity 
v • u, the cross helicity V ■ B, and one new helicity term A • U etc. 

Similarly to the S and the L, the octonion angular momentum W does not exert an influence on the field strength 
helicity in the octonion compounding space with the operator ((} + k x X + k a A + k b M + k s §> + ki'L + k w W). Consequently 
we can not distinguish this field from some fields with other octonion operators, according to the viewpoint of the 
field strength helicity. 



2. Field source helicity 

The part force density F is one part of the octonion force-power density N, and is defined from the octonion linear 
momentum density P , 

F = w (0 + k x X + k a A + k b M + k s S + kit + k w W)* o P , (99) 

where the part force density F includes the density of the inertial force, the gravitational force, Lorentz force, and the 
interacting force between the two fields with the dipoles etc. 
The scalar fo of the part force density F is written as, 

fo/vo = d po + V* • p + fc b (h* • p + k eg U* ■ P) 

+ k a (a* ■ p + a po) + k eg k a (A* ■ P + Aq o P ) 
+ k x (x* ■ p + xqPq) + k eg k x (X* • P + Xg o P ) 
+ k s (s* ■ p + s po) + k eg k s {S* • P + S* o P ) 
+ ki(T ■ p + loPo) + k eg ki(V • P + L* o P ) 

+ fc w (w* • p + w po) + k eg k w (W* • P + W* o P ) , (100) 
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where the field source helicity in the two fields with the operator (0 + fc^X + fc a A + kt,M + k s S + k{L + k w W) includes 
the helicity terms (a* • p + a p ), (A* • P + A* o P ), (h* • p + k eg PL* ■ P), (x* • p + x p ), (X* • P + Xg o P ), 
(s*-p + s p ), (S* -P + S^oPo), (F-p + foPo), (L*-P + L*oP ), (w*-p + w p ), and (W*-P + W*oP ) etc. And 
that they include the magnetic helicity A • B, the kinetic helicity v • u, the cross helicity V • B, the current helicity 
B* • P, and some other new helicity terms in the octonion space. 

The above is the mass continuity equation in the electromagnetic field and the gravitational field with the octonion 
operator (0 + k x X + k a A + kf,M + k s E> + fc;L + k w W), and is effected by the speed of light vo and some helicity terms of 
the rotational objects and of the spinning charged objects. The impact of the field source helicity about the octonion 
torque-energy W may be detected sometimes. 

A new physical quantity ¥ q can be defined from the part force density F, 

¥ q =¥or . (101) 
The scalar part Fq of the ¥ q is written as, 

f q /v = (d Po + v* • P) o r + k b (h* • P + k eg n* -p)or 

+ k a (&* • P + a P ) o r Q + k eg k a (A* ■ p+ Po A* Q ) o F Q 
+ k x (x* ■ P + zoPo) ° iS + k eg k x (X* ■ p +p Xq) o 1^ 

+ k s (s* ■ P + s P ) o r + k eg k s (s* ■ p + Po s* ) o r 
+ h (f • P + / p ) o r + k eg h (L* • p + Po lS) ° J*q 

+ fc tu (w* - p + woPo)or + k eg k w (w* -p+ Po w* )or , (102) 

where the last two terms are the new kinds of helicity terms in the gravitational field and electromagnetic field. 

The above is the charge continuity equation in the presence of the gravitational field and electromagnetic field with 
the octonion operator (0 + k x X + k a A + fcf,B + k s S + fc;L + k w W) when the scalar F — 0. And this charge continuity 
equation is the invariant under the octonion coordinate transformation. It states that the X, A, B, S, L, and W of 
the gravitational field and the electromagnetic field _have the influence on the charge continuity equation, although 
the terms (a* • P + a P ) o JJ, (A* • p + Po A* ) o JJ, (h* • P + k eg PC ■ p) o T , (x* • P + x P ) o T , (X* • p +p X.* ) o JJ, 

(s*.P + So Po)oJS, (S*-p+p So)oiS, (F-P + /oPo)oJS, (V-p+ Po V )or a , (w*-P + U ;oPo)oiS, (W*-p+p W;)o^, 
and Am are usually paltry when the electromagnetic field and the gravitational field are slender. 



TABLE XII: Some quantities with the octonion operator (0 + k x X + k a A + fc&B + k s S + k{L + k u 

definitions meanings 

X field quantity 

A = (0 + k x X) o X field potential 

I = (0 + k x X + k a A) o A field strength 

R radius vector 

Y = v <>oR velocity 

U = ° V velocity curl 

= -(0 + k x X + k a A + k b ny o I field source 

M b = (k x t. + k a A + k b n)* ■ I field strength helicity 

P = uS I u g linear momentum density 

R = R + k rx X compounding radius vector 

L = R o P angular momentum density 

W = «o(<) + k x % + k a A + k b M + k s S + fc;L) o L torque-energy densities 
N = v (0 + k x t + k a A + k b M + k s S + k t L + k w W)* o W force-power density 

F = -N/(2« ) force density 

Us = (k x X + k a A + k b M + k a S + k t L + k w W)* ■ f field source helicity 



XI. THE FIELDS REGARDING THE OCTONION OPERATOR 8 

In the electromagnetic and gravitational fields, the octonion operator (Os + k x X + k a A + k{,M + k s E> + fc;L + k w W) 
can derive the octonion physical properties of the two fields, including the octonion linear momentum, the octonion 
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angular momentum, the energy, the torque, the power, the force, and some helicity terms of the rotational objects and 
the spinning charged objects. However these inferences can not involve the adjoint fields and their related helicities 
of the electromagnetic field and the gravitational held etc. In this section, the octonion operator will substitute the 
08 = Og + d e 0e for the Og, to include more properties of the electromagnetic and gravitational fields simultaneously. 
Herein g = E(ijd s j), Q e = E(/j9 e i); d g i — d/dr i} d e i = d/dRi. d e is the coefficient. 

With the octonion operator 0s in the electromagnetic and gravitational fields, we can represent the field potential, 
the field strength, the field source, the linear momentum, the angular momentum, the energy, the torque, the force, 
and some helicity terms, including the influence of the adjoint fields on the torque, the force, and the helicity etc. 



A. Field source and torque 

In the electromagnetic field and the gravitational field with the operator (0s + k x X + k a A + k b M + k s S + fc/L + k w W) , 
the most of physical quantities will keep unchanged, except for the gravitational mass density and the helicity etc. In 
the compounding space with the octonion operator (0$ + k x X + k a A + fc^B + k s E> + fc;L + k w W), the octonion basis 
vector is E = (1, i\, i^, is, Jo, k), the octonion radius vector is R = E(iifi + k eg IiRi), and the octonion velocity 

is V = Y,(iiVi + k eg IiVi). The octonion field potential is A — (0s + k x X)oX = A g + k eg A e . The octonion compounding 
gravitational potential is 

A g = (0 g o X g + d e k eg e o Xe) + k x (X g o X g + k 2 eg X e o X e ) , (103) 

and the compounding electromagnetic potential is 

A e = (Og o X e + defc^Oe ° X fl ) + k x (X e oXg+X g o Xe) , (104) 

where X g = E(Sjii), and X e = E(XjJj). 

The octonion field strength is defined as B = (0s + k x X + k a A) o A = M g + k eg M e . And the octonion compounding 
gravitational strength is 

Mg = (Og °Ag+ C^Oe O A £ ) + ^(Xg O Ag + fl^Xf! ^ ) + ^(Ag O Ag + O A £ ) , (105) 

while the compounding electromagnetic strength is 

B e = (Og o A e + dek^Oe ° Ag) + k x (X e oAg+XgO Ae) + fc a (A e o Ag + Ag o A e ) , (106) 

where the gauge equations are ho = and Ho — 0. M g = T,(hiii), and B e = E(/?j/j). 

In the octonion compounding space, the linear momentum density E>g g is the source of the gravitational field, and 
the Sg e is the source of the gravitational adjoint field, 

- = 0; O Bg , - Vg e S ge = 0; O Bg , (107) 

meanwhile the electric current density S ge is the source of the electromagnetic field, and the S ee is the source of the 
electromagnetic adjoint field, 

- Meg§eg - 0* g ° B e , - fl ee § ee =« £ *oB e . (108) 

The § e g possesses the properties of the electromagnetic field, and the S ee seizes on the features of the gravitational 
field. It means that the latter can be considered as the candidate of the dark matters. 
And then the octonion field source S can be defined from the above 

(jS= - (0s + k x X + k a A + k b M)* o B 

= Vgg^gg + k eg ^ ge Sg e + d e (n eg S e g + k eg fi ee § ee ) - k x X* o B - fc a A* o B — k b M* o B , (109) 



where (k x X* ■ B + fc a A* • B + fc b B* • B) is the field strength helicity. /i, i-igg, ^g eL /i egi and [i ee are the coefficients. The 
/igg and )i e g are the gravitational and electromagnetic constants respectively. X* ■ B is the scalar part of X* o B. 

The octonion linear momentum density is P = fiS/ fi gg = E(pjii + Pili), while the octonion angular momentum 
density is L = K o P = E(Zjij + The octonion torque-energy density W is defined from the octonion angular 

momentum density L, the field strength B, and the field source S etc, 

W = v Q (0s + k x X + k a A + k b M + k s E> + fc ; L) o L , (110) 

where S = E(sjij) + k eg T,(SiIi); — wq/2 is the energy density, w/2 = Y,(v}jij)/2 is the torque density. 
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The scalar wo of the octonion torque-energy density W = S(tOjij) + X(WjJj) is written as, 

wq/v = dgol + V 9 • I + J ° 9 e0 Lo + V e • L + fc b (h • I + k eg B. ■ L) 
+ k a & ■ I + k a a Q l + k eg k a (A ■ L + A o L ) 

L + X o L ) 
+ fc s s •! + fc s s o r o + k eg k s (S ■ L + S o L ) 

+ fcj J+fc^ + /c es /c;(L-L + L oLo) , (111) 

where —wq/2 includes the kinetic energy, the gravitational potential energy, the electric potential energy, the magnetic 
potential energy, the field energy, the work, the interacting energy between the dipole moment with the two fields, 
and some new energy terms. V g = T,(ijd g j), V e = T,(Ijd e j). 

In a similar way, expressing the torque density w of the octonion torque-energy density W as 

w/v = d g0 i + Vgl + V g x I + J o <9 e0 L + V e o L + V e x L 
+ k b l h + k b h x I + k eg k b (ii x L + H o L ) 
+ k a &l + k a A x T + fc a aol + k eg k a (A x L + A o L + A o L ) 
+ fc^x^o + k x x x I + k x x l + k eg k x (X. x L + X o L + X o L ) 

+ k s sl + k s s xl + k s s l + k eg k s {S x L + S o L + S o L ) + 2kJ l , (112) 
where the above includes some new terms of the torque density. 



B. Force 

In the octonion compounding space with the operator (Os + k x X + k a A + k^M + k s §> + fc;L + k w W), the octonion 
force-power density, N = T,(niii) + S(TVjJj), is defined as follows, 

N = v (0 8 + k x X + k a A + k b M + k s S + k t L + k w W)* o W , (113) 

where the power density is Jo — —n /(2v ), and the force density is f = — n/ (2v ). The vectorial parts are n = S(njij), 
N = iV J , and N = E(NjIj). 

Further expressing the scalar n of the octonion force-power density N as 

n /v = d g0 w + v; • w + r o a e0 w + v: • w + fc b (h* • w + k eg fC ■ w) 

+ k a (a* ■ w + a w ) + k eg k a (A* ■ W + A* o W ) 
+ k x (x* ■ w + x w ) + k eg k x (X* • W + Xq o W ) 
+ k s {s* ■ w + s w ) + k eg k s {S* ■ W + Sq o W ) 
+ fc ; (I* • w + l w ) + k eg ki{t* • W + Lq o W ) 

+ k w {w* ■ w + «)g) + k eg k w (W* ■ W + W* o W ) . (114) 

In the gravitational and electromagnetic fields with the operator (Os + k x X + k a A + k b M + k s E> + fc;L + k w W), the 
force density f can be defined from the vectorial part n of the octonion force-power density N , 

-2f = d g0 w + v* g w + v* g xw + r o d e0 w + v* o Wo + v: x w 

+ k b w h* + k b h* x w + k eg k b (H.* x W + H* o W ) 
+ k a (a*w + a* x w + a w) + k eg k a (A* xW + AJoW + A'o W ) 
+ k x (x*w + x* x w + x w) + k eg k x (X* xW + X„oW + X*o W ) 
+ k s (s*w + s* x w + s w) + k eg k s (S* xW + SqoW + S*o W ) 

+ ki(Tw +T x w + f w) + k eg k l (L* x W + Lq o W + L* o Wo) , (115) 

where the force density f includes that of the inertial force, the gravitational force, the gradient of energy, Lorentz 
force, and the interacting force between the dipole moment with the two fields, and the forces regarding their adjoint 
fields etc. The above force is more complex than that in the classical field theory, and includes more new force terms 
related to the gradient of energy, the field potential, and the angular velocity etc. 
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TABLE XIII: The field sources of the electromagnetic and gravitational fields and their adjoint fields. 



sources 


fields 


descriptions 


char acterictics 


§>99 


gravitational field 


linear momentum 


gravitation 


S ge 


gravitational adjoint field 


adjoint linear momentum 


electromagnetism 


§eg 


electromagnetic field 


electric current 


electromagnetism 


See 


electromagnetic adjoint field adjoint electric current 


gravitation 



C. Helicity 

In the octonion compounding space with the octonion operator (Os + k x TL + k a A + k b M + k s §> + fc;L + k w W), some 
helicities [3l|, [32| and the speed of light will exert an influence on the mass continuity equation, the charge continuity 
equation, and the gravitational mass density etc. 

1. Field strength helicity 

The octonion linear momentum density, P = //§/ fx gg , can be defined from the octonion field source § in the octonion 
compounding space with the operator (Os + k x X + k a A + kbM + k s E> + kiL + k w W), 

P = fhva + E(mvjij) + ^{MVJi) , (116) 

where p a = mv Q , m = m{v s /vo) + Am, Am = -{k x X* ■ B + k a A* ■ B + k b M* ■ M)/(v pt gg ) . v$ = v Q (} s ■ E. And Os • » 
is the scalar part of the Os 

According to the octonion properties and the above, the gravitational mass fh is one reserved scalar in the above, and 
is changed with the field strength M g and B e , the field potential A g and A e , the helicity (fc^X* -B + fc a A* - B + fcbB* -B), 
and the octonion X g and X e etc in the octonion compounding space. The helicity includes the magnetic helicity A • B, 
the kinetic helicity v • u, the cross helicity V • B, and one new helicity term A • U etc. 

Similarly to the S and the L, the octonion angular momentum W does not exert an influence on the field strength 
helicity in the octonion compounding space with the octonion operator (Os + k x X + k a A + kbM + k s E> + fc;L + k w W). 
Consequently we can not distinguish this field from some fields with other octonion operators, according to the 
viewpoint of the field strength helicity also. 

2. Field source helicity 

The part force density F is one part of the octonion force-power density N, and is defined from the octonion linear 
momentum density P , 

F = vo(0s + k x t. + k a A + k b M + k s S + fe;L + k w W)* o P , (117) 

where the part force density includes that of the inertial force, gravitational force, Lorentz force, and the interacting 
force between the fields with the dipoles etc. 

The scalar fo of the part force density F is written as, 

fo/vo = d g0 po + V; • p + r o d e0 P + V: • P + fc b (h* • p + fc eg H* • P) 
+ k a {a* ■ p + a p ) + k eg k a (k* • P + A„ o P ) 
+ k x (x* ■ p + x po) + k eg k x (X* ■ P + X„ o P ) 
+ k s (s* ■ p + sqPq) + k eg k s (S* ■ P + Sq o P ) 
+ h(T ■ p + l Po) + k eg h{V ■ P + Lq o P ) 

+ k w {™* ■ P + w po) + k eg k w (W* ■ P + Wq o P ) , (118) 

where the field source helicity in the fields with the (Os + + k a A + kbM + k s §> + k{L + k w W) covers (a* • p + aoPo) ; 
(A* • P + A; o Po), (h* ■ p + k eg U* ■ P), (x* • p + xopo), (X* • P + X; o P ), (s* • p + s po), (S* • P + S* o P ), 
(1 • p + lopo), (L -P + L oP ), (w* -p + wopo), and (W • P + W o P ) etc. And they include the magnetic helicity 
A ■ B, the kinetic helicity v • u, the cross helicity V • B, the current helicity B* ■ P, and other helicity terms etc. 
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The above is the mass continuity equation in the electromagnetic and gravitational fields with the octonion operator 
(Os + k x X + k a A + k b M + k s §> + fc/L + k w W), and is effected by the speed of light Vq and some helicity terms of the 
rotational objects and of the spinning charged objects. 

A new physical quantity ¥ q can be defined from the part force density F, 

¥ q =¥or . (119) 
The scalar part F of the ¥ q is written as, 

Fo/vo = (dgoPo + V* g -P)of + (deopo + V: • p) o r Q + k b (h* • P + fc es H* ■ p) o 7^ 
+ k a (&* ■ P + a Po) ° + k eg k a {A* ■ p + p Al) o 
+ k x (x* ■P + x P )or + k eg k x (X.* -p+PoXo)o^ 
+ k s (s* -P + s P ) + k eg k s {S* -p+poSo) oiS 
+ ki(T ■ P + / Po) o + k eg kt(L* ■ p+p L* ) ° r Q 

+ /c t0 (w* ■P + w P Q )oI^ + k eg k w (W* ■p + p Wj)o^ , (120) 

where the above helicity terms cover that in the gravitational and electromagnetic fields with their adjoint fields. 

The above is the charge continuity equation in the presence of the gravitational field and the electromagnetic field 
with the octonion operator (0s + k x X + k a A + kt,M + k s S + fc;L + k w W) when the scalar part F = 0. Similarly to 
the case with the octonion operator (0 + k x X + k a A + kbM + k s §> + fc/L + k w W), the charge continuity equation is the 
invariant under the octonion coordinate transformation, meanwhile the X, A, B, §, L, and W of the gravitational field 
and the electromagnetic field have the influence on the charge continuity equation, although the impacts are usually 
paltry when the electromagnetic field and the gravitational field are weak. 



TABLE XIV: Some physical quantities of the electromagnetic and gravitational fields with their adjoint fields. 

definitions meanings 

X field quantity 

A = (0s + k x X) o X field potential 

B = (0s + k x X + k a A) o A field strength 

R radius vector 

V = uoOs ° K velocity 

U = 0s ° V velocity curl 

^§ = -(0s + k x t + k a A + ktM)* o I field source 

H 6 = (k x X + k a A + ktM)* ■ B field strength helicity 

P = /iS/ugg linear momentum density 

R = K + fc rl X compounding radius vector 

L = R o P angular momentum density 

W = «o(Os + k x X + fc a A + fcbB + k s S + fc;L) ° L torque-energy densities 

N = u (0s + k x X + k a A + k b M + k s § + k t L + k w W)* o W force-power density 

F = — N/(2«o) force density 

H s = (k x X + k a A + k b M + k s § + fc;L)* • P field source helicity 



XII. THE FIELDS REGARDING THE SEDENION OPERATOR Oie 

In the electromagnetic and gravitational fields, the octonion operator (0s + k x X + k a A + kbM + fc s S + kih + k w W) 
can deduce the octonion physical properties of two fields with their related adjoint fields, including the octonion linear 
momentum, the octonion angular momentum, the energy, the octonion torque, the power, the octonion force, and 
some helicities of the rotational objects and the spinning charged objects. However these results can not involve the 
helicities of the strong nuclear field, the weak nuclear field, and their related adjoint fields etc. In this section, the 
operator will substitute the sedenion operator 0i6 f° r the octonion operator 0s to cover the physical properties of the 
electromagnetic field, the gravitational field, the strong nuclear field, and the weak nuclear field simultaneously. 
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A. Sedenion space 

The sedenion space [33l |3~H consists of four kinds of the independent quaternion spaces. In the quaternion space for 
the gravitational field, the basis vector is E g = (ig, i 1; i 2 , i®), the radius vector is R g = (r Q , r%, r 2 , r 3 ), the velocity 
is Y g = (vq, Vi, v 2 , v 3 ), and the gravitational potential is A g = (a , a\, a 2 , a 3 ), with the physical quantity X g = (xq, 
x\, x 2 , x 3 ). In the quaternion space for the electromagnetic field, the basis vector is E e = (44, i 5 , i 6 , ij), the radius 
vector is R e = (r 4 , r 5 , r 6 , 7-7), the velocity is V e = (774, U5, w 7)j an d the electromagnetic potential is A e = (a 4 , 
05, ag, 07), with the physical quantity X e = (ir 4 , x§, xq, X7). In the quaternion space for the weak nuclear field, the 
basis vector is E w = (ig, ig, «10) *n), the radius vector is R TO = (r§, rg, rio, ru), the velocity is = (vg, -yg, v±o, 
v\i), and the weak nuclear potential is A w = (as, ag, aio, an), with the physical quantity X w = (xs, xg, X10, in). 
In the quaternion space for the strong nuclear field, the basis vector is E s = (i\ 2 , ii 3 , in, iis), the radius vector is R s 
= (n.2, r\3, ri4, ris), and the velocity is V s = («i2, v\ 3 , V14, U15), and the strong nuclear potential is A s — (a\ 2 , a\ 3 , 
ai4, ais), with the physical quantity X s = (x\ 2 , x\ 3 , X14, X15). 

The basis vectors E e , E s , E, „, a nd E s are independent to each other, and they can combine together to become the 
basis vector of sedenion space |35ll36j. Eie = (io, *i, hi H, H, *5> %, h, H, ^9, iio, *ii> *12, *13, *u, *is)- The sedenion 
radius vector is R = E^r; + / e *(i+4)»~(i+4) + /^(i+s^i+g) + f s i(i+i2)T {i+12)) , the sedenion velocity is V = E(i^ 
+ ie*(i+4)V(i+4) + /t«i(i+8)W(i+8) + /«»(t+i2)V(t+i2)), and the sedenion field potential is A = E(iiOj + / e *(i+4)a(i+4) + 
f w i(i+8)a(i+s) + fsi(i+i2)a(i+i2)), with the sedenion physical quantity X = E(i i ar j + / e i(i+4)a;(i+4) + /n;i(i+8)^(i+8) 
+ /si(i+i2) ;r (i+i2))- Herein ro = Dot, t is the time; vq is the speed of light. f e , f w , and / s are the coefficients for the 
dimensional homogeneity, and f e — k eg . io = 1. i = 0, 1, 2, 3. 

The sedenion operator possesses four kinds of independent and perpendicular quaternion operators in the sedenion 
space. The gravitational field operator is 0g = E(ij9j), the electromagnetic field operator is <0> e = ^(ifi+tyfyi+i)), the 
weak nuclear field operator is (} w — E(i( i+8 )9( i+8 )), and the strong nuclear field operator is (} s = E(i( i+12 )9(i + i2)). 
Those four operators constitute the sedenion operator 0i6 = 0g + d e () e + d w () w + d s () s . Herein di — d/dri . d e , d w , 
and d s are the coefficients for the dimensional homogeneity. 

The sedenion field strength is B = M g + / e B e + f w M w + f s M s , and it is defined from the sedenion field potential 
A = A g + f e A e + f w A w + f s A s . And that the field strength B includes the gravitational strength M g = E(/ijij), the 
electromagnetic strength B e = E(/i( i+ 4)i( i+ 4)), the weak nuclear strength M w = E(/i(j_|_g)*(i+8))j an d the strong nuclear 
strength B s = E(ft.(j_|_i2)*(i+i2))- The gauge equations are ho = 0, hi = 0, h% = 0, and h\ 2 = respectively. The radius 
vector R and the sedenion X can be combined together to become the compounding radius vector R = R + k rx X, 
and the compounding quantity X = X + K rx M.. The related space is called as the sedenion compounding space, 
which is one kind of function space also. In this space, the compounding field potential is A = (0i6 + k x X) o X, the 
compounding field strength is B = (0i6 + k x X + k a A) o A, the compounding velocity is V = V + vok rx A, and the 
compounding velocity curl is U = U + v k rx B . 

In terms of the sedenion operator 0i6 i n the above four fields, we can represent the field potential, the field strength, 
the field source, the linear momentum, the angular momentum, the energy, the torque, the force, and some helicities, 
including the influence of the adjoint fields on the torque, the force, and the helicity etc. 



B. Field source 



In the four fields with the sedenion operator (0i6 + k x X + k a A + k^W + k s S + fc;L + k w W), the physical quantities 
will be expanded into the sedenion quantities, including the gravitational mass density, the mass continuity equation, 
the charge continuity equation, and the helicity etc. In this sedenion compounding space, the basis vector is Ej.6, the 
radius vector is R, and the velocity is V. The sedenion compounding field potential is A = A g + f e A e + f w A w + f s A s , 
and is defined from the sedenion quantity X, that is A = (0i6 + ^^X) o X . 

The sedenion compounding field potential A encompasses, 

Ag = (0g ° Xg + 4/eOe O X e + d w f w () w O X u , + d s f s () s O X s ) 

+ k x (X g o Xg + / e 2 X e o X e + f*X w o X^ + f*X s o X s ) , (121) 

A e = (0g O X e + def^Oe O Xg + dsUf^Os O X„ + d w f s f- 1 <) w O X s ) 

+ fc,(X e o Xg + Xg o X„) + k x f s f w f^(X s o X w + X w o X s ) , (122) 

A M = (0 g o X w + defsf^Qe X s + d w f^ 1 () w o Xg + dsfef^Qs a X e ) 

+ fc,(Xg o X,„ + X w o Xg) + k x f e f s f-\X e oX s +X s o X e ) , (123) 
A s = (0g o X, + deUf^Oe o X w + d w f e f- 1 w o X e + d s f~ l s O Xg) 
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+ k x (X g o X s + X s o X fl ) + kxfeUf-^Xe oX w +X w o X e ) , (124) 

where the symbol o denotes the sedenion multiplication. And the sedenion physical quantity X covers X g = Y,{xiii), 
X e = E(S( i+4 )t( i+ 4)), X w = E(S( i+8 )i( i+8 )), and X s = E(z (i+12 )i( i+12 )). The A fl , A e , A w , and A s are the gravitational 
potential, electromagnetic potential, weak nuclear field potential, and strong nuclear field potential respectively. 

The sedenion compounding field strength is B = B 9 + / e B e + f w M w + f s M s , and is defined from the sedenion field 
potential A, that is B = (0 16 + + fc Q A) o_A . 

The sedenion compounding field strength B involves, 

% = (0 S oA g + d e f e () e o A e + d w f w (} w oA w + d s f s () s o A s ) 
+ k x (X 9 o A g + / e 2 X e oA e ) + k x (/ 2 X W oA w + / 2 X S o A s ) 

+ k a {A g o A g + f e A e o A e + fl A w o A w + / 2 A S o A s ) , (125) 

B e = (0 fl O A e + de.C'Oe O A g + d.Uf^O, O A w + d w f s f~ 1 <) w O A s ) 

+ k x (X e oAg+XgO A e ) + k x f s f w f~ 1 (X s o 

+ k a (A e oA 9 +A s o A e ) + k a fJ w f-\A s oA w +A m o A s ) , (126) 

B w = (0 S o A w + def.tfOe o A s + dnf- 1 ^ o Ag + d.Uf^Q, O A e ) 
+ fc x (X s oA m +X m o A s ) + kxfefsf-^Xe oA s +X s o A e ) 

+ /c a (A g oA m +A ffi o A s ) + k a f e f s f-\A e o A s + A s o A e ) , (127) 
B s - (0 S o A, + deUf^Oe ° K, + d w .f e .f- 1 w o A e + d./^O, ° A fl ) 
+ fc^Xg o A s + X s o Ag) + fc x / e /«,/ s _1 (X e oA m + X ffi O A e ) 

+ fc a (A s oA s +A s o A g ) + kafefwfr 1 ^ ° A w + A w o A e ) , (128) 

where Bg = E(Mi), B e = E(/j( i+4 )i( i+4 )), B„, = E(/t( i+8 )i( i+8) ), and B s = E(/j (i+12 )i (i+12 )). The gauge equations are 
/io = 0, hi = 0, h% = 0, and /ii 2 = 0. 

For the gravitational strength B 9 , the linear momentum density —H gg §>gg = 0g °B g is the source for the gravitational 
field, with three adjoint field sources for the gravitational field, that is —^ ge S ge — 0t ° B s , —Ligw§>gw — 0£, ° B s , and 
—Hg S §g S = 0* s oBg. For the electromagnetic strength B e , the electric current density —ii eg B eg = 0* oB e is the source 
for electromagnetic field, with three adjoint field sources for the electromagnetic field, that is —fi ee S ee = 0e ° B e , 
—fiew^ew = 0w o B e , and —[i es S es = Of B e . For the weak nuclear field strength M w , the —n W gS>wg = 0* g ° B TO 
is the source for weak nuclear field, with three kinds of adjoint field sources for the weak nuclear field, that is 
— fj, we B we = 0e ° Stuj —Liww^ww = (>w ° Bto, and —fi ws S ws = 0* s i>w For the strong nuclear field strength B s , the 



TABLE XV: The sedenion multiplication table. 
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— /i sff S sg = Og °B S is the source for strong nuclear field, with three kinds of adjoint field sources for the strong nuclear 
field, that is — /^ se §se — (>t ° B s , ~n sw S S w = 0*„ ° B s , and — /i ss S ss = 0* ° B s . The three adjoint field sources, S ee , 
§ ww , and S ss , possess the feature of the gravitational field, and are considered as the candidate of the dark matters. 
The sedenion field source S satisfies 

fjE = - (Oie + k x K + k a A + k b B)* o B 

(-^99^99 fef^ge^ge "~t~ fwf^gw^gw "t - fsf-^gs^gs 

~\~ dei^f-^eg^eg H~ fef-^ee^ee fwf-^ew^ew ~f~ /s/^-es^es) 

H~~ dw\f^wg^wg fef^we^we fw f^ww^ww H~ f s f^-w s^w s^) 

- k x X* o B - fc Q A* oB — fc 6 B* o B , (129) 

where S = £(Sjij + / e S(i+4)*(i+4) + /ujS(i+8)*(i+8) + /sS(i+12)*(i+12))- A 1 ! Magi Mso Mgw, Mgs, Megi A*ee> Metuj Mes, Mtug, 

Mwej Mwici Mwsj Msg j Mse, Msw>, and /i ss are the coefficients for the dimensional homogeneity. /x 9S and /i e3 are the 
gravitational constant and electromagnetic constant respectively. (fc x X* • B + fc a A* • B + fe&B* • B) is the field strength 
helicity. And X* • B is the scalar part of the X* o B. The * denotes the sedenion conjugate (37l. l38j. 



TABLE XVI: The field equations of the four fields with their adjoint fields. 



fundamental field field source field equation 



gravitational field gravitational field source 


Ms9^99 — 


0*g ol 9 


adjoint gravitational field source 




0*e ol 9 


adjoint gravitational field source 


[Agw^gw — 


= 0>B 9 


adjoint gravitational field source 


— j-lgsSgs = 


0s°B 9 


electromagnetic field electromagnetic field source 


— /J. e gSeg = 


o;oB e 



adjoint electromagnetic field source —u ee S ee = 0e ° ®e 
adjoint electromagnetic field source —u ew Sew ~ 0w °8e 
adjoint electromagnetic field source — u es S es = §* o B e 



weak nuclear field 


weak nuclear field source 


f^wg^wg — 


o; o b w 




adjoint weak nuclear field source 


fAwe^we — 


0* e oM w 




adjoint weak nuclear field source 


l^w-w^ww — 


= <)t o M w 




adjoint weak nuclear field source 


f^WS^WS — 




strong nuclear field 


strong nuclear field source 


— UsgSsg = < 





adjoint strong nuclear field source — u se S se = ()l oM s 
adjoint strong nuclear field source — u aw S sw — 0£, °B S 
adjoint strong nuclear field source — /i ss § ss = 0s °B S 



C. Torque 

The sedenion linear momentum density is P = /iS/^ 9ff = + f e p{i+i)i{i+i) +_fwP(i+8)\t+8) + fsP(i+p)i(i+i2)) in 

the sedenion compounding space, and the sedenion angular momentum density is L = lof = £(Zji{ + f e l(i+A)\i+i) + 
fwUi+8)i(i+8) + fsl(i+i2)i{i+i2))- And the sedenion torque-energy density W is defined from the angular momentum 
density L, the field strength B, and the field source § etc, 

W = u (0i6 + k x X + k a A + k b B + k s S + kit) o L , (130) 

where —wq/2 is the energy density, w/2 = T,(wjij)/2 is the torque density. 

The scalar w of W = E^ij + f e W{i+4,)i(i+i) + fwW{i+&) *(i+8) + /s™(i+i2)i(i+i2)) is written as, 

w /v = k a {a lo + a g ■ l g + / e 2 (a 4 o T 4 + a e ■ I e )} 

+ k a {fl(a 8 o 1 8 + a w ■ l w ) + fs{a 12 o 1 12 + a s ■ T s )} 
-I- k x {x l + 5c g ■ l g + / e 2 (x 4 ol 4 + x e ■ l e )} 
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+ k x {/ 2 (x 8 ol 8 + x w - \ w ) + / s 2 (xi2 o 1 12 + x s • l s )} 

+ k s {s l + Sg ■ Tg + ft (S 4 O I 4 + S e • I e )} 

+ fc s {/2(s 8 oT 8 + )+./s 2 (sl2°ll2+S s -l s )} 

+ fc; {fofo + Ig ■ Ig + / e 2 (I 4 I 4 + I e • I e )} 

+ h {/ 2 (I 8 o l 8 + L • U + / S 2 (I 12 o l 12 + l s . \ s )} 

+ k b (h g ■ lg + / 2 h £ • l e + flh W ■ \ W + / 2 h S • 1 S ) 

+ d l + V g ■ lg + d e f e (i 4 o <9 4 I 4 + V e • I e ) 

+ d w f w (i 8 o <9 8 I 8 + V„ • l w ) + d s f s (i 12 o 9i 2 Ti2 + V s • I s ) , (131) 

where —w$/2 includes the kinetic energy, the gravitational potential energy, the electric potential energy, the magnetic 
potential energy, the field energy, the work, the interacting energy between the dipole moment with the fields, and some 
new energy terms. I g = £(i,Tj), I e = T,(i^ +i )l(j+4,)), l w = S(i(j +8 )f(j +8 )), I s = ^{i(j+i2)l(j+i2))] U = kh, h = i&h, 
I12 = H2I12 • x g = Y,{ijXj), x e = S(i(_,- +4 )S( J - +4 )), x„ = S(i (j - +8 )S (j - +8 )), x s = H(i^ +l2 )X^ +12 )); x 4 = i 4 S 4 , x 8 = i 8 5 8 , 
X12 = ii2^i2 • a 9 = ^(ijUj), &e = S(i( J+4 )a(j + 4)), a w = £(i(j +8 )a(j +8 )), a s = S(i( J+12 )a( : ,- +1 2)); a 4 = i 4 a 4 , a 8 = i 8 a 8 , 
a i2 = ii 2 ai2 ■ Sg = S(ijSj), s e _= ^(^+4)^+4)), s w = S(i (j - +8 )S(j +8 )), s s =_S(i( J+12 )S(j + i 2 _)). s 4 = i 4 s 4 , s 8 = i 8 s 8 , 
S12 = ii2Si2 • h ff = Y>(ijhj), h e = S(i(j + 4)/i( J+4 )), = E^+^/iy+s)), h s = E(i(j + i2)fyj+i2))- V g = 'E(ijdj), 
V e = £(i(j + 4)d(j +4 )), V», = £(i( J+8 )<9(j +8 )), V s = S(z( J _j_ 12 )9( J+ i2)). 
In a similar way, expressing the torque density w of W as 

w/v = (d lg + Vgl + Vg X Ig) + rf e / e (i 4 O dj e + V e O I 4 + V e X I e ) 

+ d w f w (i 8 o d s l w + W W ol s + V w x l w ) + d s f s (i 12 o <9 12 I S + V s o I 12 + V s x I s ) 

+ fc a (a g x I g + agfo + a Ig) + /c a / e 2 (a e x I e + a 4 o I e + a e o I 4 ) 

+ k a fl(a w xL + asoI^ + a^o I 8 ) + /c a / 2 (a s x I s + a i2 o I s + a s o I 12 ) 

+ k X {5<i g X Ig + Xg^ + Xf^g) + k X f£ (Xg X Ig + X 4 O Ig + X £ O l 4 ) 

+ k x f^(x w X \ w + x 8 o \ w + 5c w o I 8 ) + fc x / 2 (x s x I s + x i2 o I s + x s o I 12 ) 

+ k S (Sg X Ig + Sgf + S lg) + fcg /| (Sg X Ig + S 4 O Ig + S g O I 4 ) 

+ k s f1(s w x l w + s 8 o \ w + s w o I 8 ) + fc s / 2 (s s x I s + S12 o I s + s s o I 12 ) 

+ fc 6 (hg X Ig + hgf ) + fefc/g (^e X Ig + llg O I4 ) 

+ fc b / 2 (h„, x L + h„, o I 8 ) + fc 6 / 2 (h s x I s + h s o I 12 ) + 2fc ; f Ig , (132) 
where the above includes some new terms of the torque density. 



D. Force 

In the sedenion compounding space with the operator (0i6 + k x JL + k a A + k^M + k s S + fc;L + k w W), the sedenion 
force-power density N is defined as follows, 

N = v (0i6 + k x X + k a A + k b M + k s S + k t L + k w W)* o W , (133) 

where N = S(n i i J ) + / e S(n (i+4) i (j+4) i) + / w S(n (l+8) i (i+8) ) + / s S(n (j+12) ^ The power density is f = -n /(2v ), 

and the vectorial part is n = S(njij). 

Further expressing the scalar no of the sedenion N as 

n /v = k a {d w + a* • Wg + /e 2 (a4 o w 4 + a* • w e )} 

+ k a {fl (a 8 o w 8 + a* w ■ w w ) + / 2 (a 12 o w i2 + a* • w s )} 

+ k x {x w + x* • Wg + / 2 (x4 o w 4 + x* • w e )} 

+ k x {fl (x* o w 8 + x* w ■ w w ) + / 2 (x* 2 o W12 + x* • w s )} 

+ k s {s W + S* ■ Wg + / 2 (§4 O W 4 + S* • W e )} 

+ k s {ft (s 8 O W 8 + s* w ■ w w ) + fs(s*2 ° w 12 + s* • w s )} 

+ k t {l W + Tg ■ Wg + J e 2 (l 4 O W 4 + I* • W e )} 
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+ h ° w 8 + 1; • w w ) + / s 2 (i; 2 o wia + 1* • w s )} 

+ k w {w w + w* • w g + / e 2 (w4 o w 4 + w* • w e )} 

+ k w {/™(wg o w 8 + w^ • w„) + / 2 (w* 2 o W12 + w* • w s )} 

+ k h (h* g • w g + / e 2 h* • w e + f^h* w ■ w w + / 2 h* • w s ) 

+ d W + V* • Wg + d e f e (i* 4 o <9 4 w 4 + V* • w e ) 

+ d w f w (il o <9 8 w 8 + • w w ) + d s f s (i* l2 o <9i 2 wi 2 + V* • w s ) . (134) 

In the above four fields with the sedenion operator (0i6 + k x X + k a A + fc^B + k s E> + kiL + k w W), the force density 
f = — n/ (2vq) can be defined from the vectorial part n of N , 

n/v = (9 Wg + V*w + V* x Wg) + d e f e {i* A o <9 4 w e + V* o w 4 + V* x w e ) 
+ d w f w (% o d$w w + o w 8 + V* w x w w ) 
+ d s f s (i* 12 o d 12 \v s + V* o W12 + V* x w s ) 

+ k a (a* x Wg + a*w + a w g ) + k a f^(a* e x w e + a\ o w e + a* o w 4 ) 

+ k a fl(al, xw ffi + a^ow„+a;o w 8 ) + k a f^(a* x w s + a* 2 o w s + a* o w 12 ) 

+ k x (x* X Wg + X*W + X \V g ) + k x fe(5t* e X W e + X 4 O W e + X* O W 4 ) 

+ k x f 2 w (yi* w xw.+xjow^+x^o w 8 ) + k x fs(5t* x w s + x* 2 o w s + x* o w i2 ) 

+ k s (s* X Wg + S*W + S Wg) + /C s / e 2 (s* X W e + §4 O W e + S* O W 4 ) 

+ k sfw(K XW,+SgOW„+S> w 8 ) + fc s / 2 (s* X w s + s* 2 O W s + S* O Wl 2 ) 

+ fc;(I* X Wg + T g W + f Wg) + kife(Y e X W e + T4 O W e + I* O W 4 ) 

+ k lfw(Xv Xw K + ljOw K + l^o w 8 ) + fcj/ 2 (I* X w s + T 12 o w s + I* o W12) 
+ k b (h* x Wg + h* g w ) + /c fc /e 2 (h* x w e + h* o w 4 ) 

+ hfKKu xw w + h* w o w 8 ) + fc fc / 2 (h* x w s + h* o W12) , (135) 

where the force density f includes that of the inertial force, the gravitational force, the gradient of energy, Lorentz 
force, and the interacting force between the dipole moment with the fields, as well as the weak nuclear force and the 
strong nuclear force with their adjoint fields etc. The above force is much longer than that in the classical field theory, 
and includes more new force terms related to the gradient of energy, the field potential, and the angular velocity etc 
in the four fields with their related adjoint fields. 



TABLE XVII: The field sources of the four fields with their adjoint fields. 



sources 


fields 


descriptions 


characterictics 


^99 


gravitational field 


linear momentum 


gravitation 


See 


electromagnetic adjoint field adjoint electric current 


gravitation 


^ww 


weak nuclear adjoint field 


adjoint weak nuclear current 


gravitation 


S S s 


strong nuclear adjoint field 


adjoint strong nuclear current 


gravitation 


Sge 


gravitational adjoint field 


adjoint linear momentum 


electromagnetism 


§e 9 


electromagnetic field 


electric current 


electromagnetism 




weak nuclear adjoint field 


adjoint weak nuclear current 


electromagnetism 


^sw 


strong nuclear adjoint field 


adjoint strong nuclear current electromagnetism 


^gw 


gravitational adjoint field 


adjoint linear momentum 


weak nuclear force 


^es 


electromagnetic adjoint field adjoint electric current 


weak nuclear force 


^wg 


weak nuclear field 


weak nuclear current 


weak nuclear force 


S se 


strong nuclear adjoint field 


adjoint strong nuclear current weak nuclear force 


S 9 s 


gravitational adjoint field 


adjoint linear momentum 


strong nuclear force 


^eui 


electromagnetic adjoint field adjoint electric current 


strong nuclear force 


§u>e 


weak nuclear adjoint field 


adjoint weak nuclear current 


strong nuclear force 


§s 9 


strong nuclear field 


strong nuclear current 


strong nuclear force 



3G 



TABLE XVIII: Some physical quantities of the four fields with their adjoint fields in the sedenion space. 



definitions 




meanings 


X 




field quantity 


A = (Oie + k x X) o X 




field potential 


B= (0i6 + k x X + k a A) 


o A 


field strength 


R 




radius vector 


V = u 0i6 °R 




velocity 


U = 0l6 o V 




velocity curl 


p§ = -(Oie + k x X + k a 


A + k b 9)* o 1 


field source 


H 6 = (k x X + k a A + k b M 


)* ■ I 


field strength helicity 


P = M S/ M99 




linear momentum density 


R = R + k rx X 




compounding radius vector 


L = RoP 




angular momentum density 


W = Vo{<>-L6+k x X+ka. 


k + k b M + k s S + kit) o £ 


torque-energy densities 


N = « (0i6 + W + U 


V + fc 6 l + k s S + kit + k w W 


)* o W force-power density 


F = -N/(2w ) 




force density 


ffl s = (k x X + k a A + k b M 


+ k 3 S, + kiLy ■ P 


field source helicity 



E. Helicity 

In the compounding space with the sedenion operator (0i6 + k x X + k a A + fe&B + k s E> + fcjL + k w W), some helicity 
terms (39l . l4pj will impact the mass continuity equation and the charge continuity equation etc. 

1. Field strength helicity 

The sedenion linear momentum density, P = /i§//i gg , is defined from the sedenion field source § in the compounding 
space with the operator (0i6 + k x X + k a A + kbM + k s S + k{L + i m W), 

P = P g + / e P e + f w P w + f s ¥ s , (136) 

where P g = S^^), P e = S(p(i +4 )i(i+4)), &w = £(P(i+8)«(i+8))j = ^{P(i+i2)i(i+_i2))- And Oie ■ K_is the scalar part 
of the Oie oK. p = mv , m = m(v s /v ) + Am, v s Q = u 0i 6 ■ R, Am = -(k x X* ■ B + k a A* ■ B + /c h B* • B)/(w M S g)- 

According to the sedenion features, the gravitational mass density fh is one reserved scalar, and is changed with the 
field strength (M g , B e , B^, and B s ), the potential (A fl) A e , A w , and A s ), the helicity (^X* • I + k a A* ■ B + k b W ■ B), 
and the sedenion (X 9 , X e , X TO , and X s ) etc in the sedenion compounding space. The helicity includes the magnetic 
helicity a e ■ h e , the kinetic helicity v ff ■ u g , the cross helicity v e ■ h e , and the new helicity term a e ■ u e etc. 

Similarly to the physical quantities § and L, the sedenion angular momentum W has not an influence on the field 
strength helicity in the compounding space with the sedenion operator (0i6 + k x % + k a A + A;;,!! + fc s S + fc;L + k w W). 
Therefore we can not distinguish this field from some fields with other sedenion operators, according to the viewpoint 
of the field strength helicity. 

2. Field source helicity 

The part force density F is one part of the sedenion force-power density N, and is defined from the sedenion linear 
momentum density P , 

F = v (0i6 + k x X + k a A + fc 6 B + fcj + kit + k w W)* o P , (137) 

where the part force density includes that of the inertial force, gravitational force, Lorentz force, and the interacting 
force between the fields with the dipoles etc. 

The scalar /o of the part force density F is written as, 

fo/vo = k a {a Q p + a* ■ p g + / e 2 (a* o p 4 + a* • p e )} 
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+ k a [fliK O P 8 + Ku ■ Pw) + /s 2 0l2 ° Pl2 + K ■ Ps)} 

+ k x {x p + x* • p g + / e 2 (x 4 o p 4 + x* • p e )} 

+ k x {/^(xg o p 8 + x ; • pj + / 2 (x 12 o Pl2 + X* • p s )} 

+ k s {s p + s* • p g + / 2 (s 4 o p 4 + s* • p e )} 

+ k s {fw(s*8 °P 8 + ^' pj + fs(s*2 ° Pl2 + S* • Ps)} 

+ h {lopo + 1* • P g + / e 2 (I 4 o p 4 + 1* • P e )fl{% o p 8 + • p J} 

+ fc / {/^(ls °Ps + )+/ S 2 ffi 2 °Pl2+l*-P S )} 
+ fc„, {w po + W* • p g + / 6 2 (W4 o p 4 + w* • pj} 

+ ^ {/™(ws o p 8 + • p J + / s 2 (w 42 o p 12 + w* • pj} 
+ h(K, ■ pg + / 2 h* • p e + flh* w ■ p w + / 2 h* • p s ) 
+ d po + V* • p g + d e f e (i* 4 o d 4 p 4 + V* • p e ) 

+ d w f w (i* 8 o 9 8 p 8 + • pj + d s f s (i* 12 o <9i2pi 2 + V* • pj , (138) 

where the field source helicity in the fields with the sedenion operator (0i6 + k x X + k a A + kbM + k s §> + fc;L + k w W) 
covers the helicity terms (a* • p g + a p ), (a* p e + a.\ o p 4 ), (h* • p g + / 2 h* • p e ), (x* • p g + x p ), (x* • p e + x^ o p 4 ), 
(s* • pg + s po), (s* • p e + s| o p 4 ), (I* • p^ + l p ) 7 (T* • p e + 1* o p 4 ), (w* • pg + w Po), and (w* • p e + o p 4 ) etc. 
And that they include the magnetic helicity a e • h e , the kinetic helicity v e • u e , the cross helicity v e • h e , the current 
helicity h* • p e , and some other new helicity terms etc. p g = T,(ijpj), p e = X(i(j +4 )P( J+4 )), p^, = E(i(j +8 )P( J+8 )), 

Ps = S (*(j+12)P(j+12)); P 4 = *4P4, P 8 = W8, P12 = *12Pl2 ■ 

The above is the mass continuity equation in the four fields with the operator (0i6 + k x H + k a A + k^M + k s S + 
k[L + k w W), and is effected by the speed of light v an d some helicities of the rotational objects and of the spinning 
charged objects. 

A new physical quantity ¥ q can be defined from the part force density F, 

¥ q = F o »* . (139) 
The scalar part F of the ¥ q is written as, 

Fq/vo = fe{d p 4 + V* • p e ) o i\ + d e (i\ o d 4 p + V* • p g ) o i\ 

+ d w f s (i* 8 o <9 8 p 12 + • p s ) o i* + d s f w (i* 12 o ai 2 p 8 + V* • p w ) o z* 
+ ^/e(h* • p e + h* • Pg) o t * + k b f w f s {b* w ■ p s + h* • p J o t* 
+ k a fe(a* g ■ p e + d p 4 ) oi* 4 + fc a / e (a* • pg + p a 4 ) o i 4 
+ k a fj w {a* w ■ p s + a* 8 ■ p 12 ) oil + k a f a f w (a* s ■ p w + a* 12 ■ p 8 ) o i\ 
+ k x f e (5t* ■ p e + x p 4 ) o i* + k x f e (x* e ■ pg +p x 4 ) o i* 

+ kxfsfwyX-w ' P s 4" Xg • Pi 2 ) i 4 + k x fsfw(x* s ■ P w + X*12 • Ps) % 

+ k s f e (s*g ■ p e + S0P4) O »4 + k s f e (s* e ■ f> g + p S* 4 ) O i\ 

+ k s f s f w {s* w ■ p s + S* • p 12 ) O t* + k s f s f w (s* ■ p w + S* 2 • pg) O i* 

+ fo/e(Ig ' P e + ^~0P 4 ) °h + hfe(j*e ' Pff + PoZ) ° h 

+ klf s f w {T w ■ p s + lg ■ p 12 ) o i* + klf s f w (T s ■ p w + I* 2 • p 8 ) o Z* 

+ k w f e (w* g ■ pg + W p 4 ) oi* + k w f e (w* e ■ p g + p \V* 4 ) o i 4 

+ k w f s f w (w* w ■ p s + w* • p 12 ) o i* + k w f s f w (w* s ■ p w + w* 2 • pg) o i* , (140) 

where the above helicity terms include that in the gravitational field, the electromagnetic field, the weak nuclear field, 
and the strong nuclear field with their adjoint fields. 

In the sedenion compounding space with the sedenion operator (0i6 + k x X + k a A + k^M + k s E> + fc;L + k w W), the 
above is the charge continuity equation in the presence of the gravitational field, the electromagnetic field, the weak 
nuclear field, and the strong nuclear field with their adjoint fields when the scalar part F = 0. Similarly to the case 
with the octonion operator (0 8 + k x X + k a A + kbM + k s §> + kih + k w W), this charge continuity equation is the invariant 
under the sedenion coordinate transformation, meanwhile the X, A, B, S, L, and W of the above four fields have the 
influence on the charge continuity equation, although the impacts are usually paltry when the fields are puny. 
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In the same way, the above physical quantities will impact the continuity equation of the weak nuclear current in 
the definition (F o ig), and the continuity equation of the strong nuclear current in the definition (F o i* 12 ). 

XIII. THE FIELDS REGARDING THE TRIGINTADUONION OPERATOR 32 

In the electromagnetic field, the gravitational field, the weak nuclear field, and the strong nuclear field, the sedenion 
operator (0i6 + ^xX + fc a A + fcf,B + k s S + kih + k w W) can deduce the sedenion physical properties of four fields with 
their related adjoint fields, including the sedenion linear momentum, the sedenion angular momentum, the energy, the 
sedenion torque, the power, the sedenion force, and some helicities of the rotational objects and the spinning charged 
objects etc. But there may exist other kinds of unknown fundamental fields in the nature theoretically, and then the 
above consequences can not cover the helicities of the these unknown fundamental fields with their related adjoint 
fields etc. In this section, the operator will substitute the trigintaduonion operator O32 for the sedenion operator 0i6 
to encompass the physical properties of the above unknown fields simultaneously, besides that of the electromagnetic 
field, the gravitational field, the strong nuclear field, and the weak nuclear field. 

A. Trigintaduonion space 

The trigintaduonion space (4l| can encompass eight kinds of the independent and perpendicular quaternion spaces. 
Besides the four quaternion spaces for the gravitational field, the electromagnetic field, the weak nuclear field, and the 
strong nuclear field, we imagine that there exist other four kinds of quaternion spaces for the unknown fundamental 
fields. Those four unknown fields are called as the a field, the /3 field, the 7 field, and the 5 field. 

In the quaternion space for the a field, the basis vector is E„ = (he, in, hs, 219), the radius vector is M Q = (rig, 
fi7j rig), the velocity is V Q = («i6, vn, wis, ^19)7 and the a field potential is A a = (ai6, 0,17, ais, 019); with the 
physical quantity X Q = (xie, xn, xi$, ^19). In the quaternion space for the j5 field, the basis vector is Ep = (ho, 
hi, *22, ^23), the radius vector is Rp = (r 2 o, r 2 i, r 2 2, r 23 ), the velocity is = (v 20 , v 2 \, v 22 , v 23 ), and the /3 field 
potential is A^ = (020, 021, 022, 023), with the physical quantity X^ = (^20, x 2 i, x 22 , x 23 ). In the quaternion space 
for the 7 field, the basis vector is E 7 = (^4, hs, he, *27)> the radius vector is M 7 = (r 2 n, r 2 ^, r 2 §, r 2 j), the velocity is 
V 7 = (v 2 4, v 2 $, v 2 e, v 2 r), and the 7 field potential is A 7 = (0,24, 025, 026, 0-27), with the physical quantity X 7 = (£24, 
£25, x 2 q, £27). In the quaternion space for the 5 field, the basis vector is Ea = (i 2S , h%, ho, *3i), the radius vector is 
R& = (r 2S , r 2g , r 30 , r 31 ), and the velocity is Y$ = (v 2 s, v 29 , v 30 , U31), and the 5 field potential is Aa = (a 28 , a 2 g, a 30 , 
031), with the physical quantity Xa = (x 2 %, x 2 g, x 3 g, x 3 i). 

The eight quaternion basis vectors, E e , E s , E„,, E s , E a , E^, E 7 , and Ea, are independent to each other, and that 
they can combine together to become the basis vector of the trigintaduonion space, E32 = (h, h, h, h, H, h, h, h, 
h, h, ho, hi, ii2, ii3, in, hs, h§, in, hs, ho, ho, hi, h2, hz, hi, hb, hs, hi, ha, hv, ho, *3i)- The trigintaduonion 
radius vector is R = R g + f e R e + f w R w + f s R s + f a Ra + fpRfS + + fsRs, the trigintaduonion velocity is V 

= V g + / e V e + f w Y w + f s Y s + / a V + fpYp + / 7 V 7 + fsVs, and the trigintaduonion field potential is A = A g + 
/ e A e + f w A w + f s A s + f a A a + fpAp + / 7 A 7 + fsAs, with the trigintaduonion physical quantity X = X g + / e X e 
+ /jiiXu, + / S X S + / Q X Q + ffjKp + / 7 X 7 + f$~Ks. Herein f a , fp, / 7 , and /a are the coefficients for the dimensional 
homogeneity, io = 1. i = 0, 1, 2, 3. 

The trigintaduonion operator possesses eight kinds of independent and perpendicular quaternion operators in the 
trigintaduonion space. The a field operator is Oa = £(i(i+i6)<9(i+i6))j the /? field operator is 0,3 = £(*(i+20)<%+20))) 
the 7 field operator is 7 = £(*(i+24)<%+24)), and the 5 field operator is 0a = £(i(i+28)<%+28)) • Those eight operators 
can constitute the trigintaduonion operator O32 = 5 + d e () e + d w () w + d s () s + d a () a + dp()p + rf 7 7 + efoOa ■ 
Herein d a , dp, c? 7 , and ds are the coefficients for the dimensional homogeneity. 

The trigintaduonion field strength is B = B 9 + / e B e + f w M w + f s M s + f a M a + fpBp + / 7 B 7 + f s M s , and it is 
defined from the trigintaduonion field potential A = A g + f e A e + f w A w + f s A s + f a A a + fpAp + / 7 A 7 + fsA$. 
And the trigintaduonion field strength B includes the a field strength 0« = ^{i(i+i6)h(i+ie)), the /3 field strength 
0/3 = S(i( i+20 )/i(i +2 o)), the 7 field strength 7 = £(«(i+24)fyi+24)) ; and the 8 field strength 0a = Z(i {l+2S) h {l+2S) ), 
besides the gravitational strength M g , the electromagnetic strength B e , the weak nuclear strength B^, and the strong 
nuclear strength B s . The eight gauge equations are hg = 0, /14 = 0, hg — 0, hi 2 — 0, hie — 0, h 2 Q — 0, h 2 ± — 0, and 
/i28 = respectively in the trigintaduonion space. 

The radius vector R and the trigintaduonion quantity X can be combined together to become the compounding 
radius vector K. = R + k rx X, and the compounding quantity X = X + K rx M.. The related space is called as the 
trigintaduonion compounding space, which is one kind of function space also. In this space, the compounding field 
potential is A = (O32 + k x X) o X, the compounding field strength is B = (O32 + k x X + k a A) o A, the compounding 
velocity is V = V + vok rx A, and the compounding velocity curl is fj = U + VQ-k rx M. 
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In terms of the trigintaduonion operator O32 m the above eight fields, we can represent the field potential, the field 
strength, the field source, the linear momentum, the angular momentum, the energy, the torque, the force, and some 
helicities, including the influence of the adjoint fields on the torque, the force, and the helicity etc. 

B. Field source 

In the fields with the operator (O32 + k x X + k a A + kbV> + k s S> + kih + k w W), the physical quantities will be expanded 
into the trigintaduonion quantity, including the gravitational mass density and the helicity etc. In this compounding 
space, the trigintaduonion basis vector is E 32 , the trigintaduonion radius vector is R, and the trigintaduonion velocity 
is V. The trigintaduonion compounding field potential is A = A g + f e A e + f w A w + f s A s + f a A a + fpAp + / 7 A 7 + f$As, 
and is defined from the trigintaduonion quantity X, that is A = (O32 + k x X) o X . 

The trigintaduonion compounding field potential A encompasses, 

Ag = (Og Xg + (i e / e 0e ° X e + d w f w ()w ° %v + d s f s ()s ° X s ) 

+ {d a f a <)a X Q + dpf {](){} o X + <i 7 / 7 7 o X 7 + d S fs<>8 X 5 ) 
+ k x (X g o X g + / e 2 X e o X e + f*X w o X w + / S 2 X S o X s ) 

+ k x (/*X Q o X Q + fpLp o X^ + / 2 X 7 o X 7 + f 5 X s 0%) , (141) 

A e = (Og O X e + dJ^Oe O X g + dsUf-^s O X w + d w f s f- 1 <) w O X s ) 

+ .fe 1 {d a f/3(>a oX/3+ dpf a 0fi O X Q + rf 7 /«5<> 7 O X S + dsf^Os ° X 7 ) 

+ k x (X e o X g + X g o X e ) + kxfsfwfg 1 ^ oX w + X w o X s ) 

+ k x f a fpf-\X a oX p +Xpo X a ) + kxfjfsf' 1 ^ oXs+Xgo X 7 ) , (142) 

A w = (0 g o X w + dJJ^Oe o X s + d w f- 1 w O X g + dJef^Os O Xe) 

+ /J 1 (da/ 7 0a X 7 + dpfsOp °X S + dy/ Q 7 ° X a + d S fp<>6 ° Xg) 
+ k x (X g oX w + X w O Xg) + kxfefsf^iXe oX s + X s O X e ) 

+ kxfafjf' 1 ^ o X 7 + X 7 o Xa) + kxfpfsf-^Xp o X S + X S o Xp) , (143) 

A s - (Og o x s + d^f-'Oe o x w + d w fj- 1 w o x e + Xg) 

+ f^idafsOa oX S + dpfjOp o X 7 + dyf pO-y ° X/3 + rf 5 / a <>6 ° X a ) 
+ fc x (X s o X s + X s o Xg) + k x f e f w f; 1 {X e oX w +X w o Xe) 

+ kxfefsf- 1 ^ oX s +X s oX a ) + Kf^f-^Xp o X 7 + X 7 o X^) , (144) 

A« =(0g O X Q + dJpf^Oe O X^ + d w f 1 f- 1 w O X 7 + dJsf^Os O X 5 ) 
+ /a 1 (daOa ° Xg + dpf e <)p o X e + d 1 f w () 1 oS„+ cfo/ 5 0,5 o X s ) 
+ fc* (Xg o X Q + X Q o Xg) + k x f e fpf-\X e oX p +X p o X e ) 

+ /tO / 7 / a (^TO ° X 7 + X 7 O X m ) + fc-E 

fsfsfa O^e oXj+XjO X s ) , (145) 
A/3 = (Og o X/3 + defaf^Oe o X Q + d w fsfp 1 w o X S + d s f~ j f~ 1 () s o X 7 ) 
+ f^idafeOa o X e + C^O/3 ° Xg + (i 7 / s 7 o X s + d S f w () S o X w ) 
+ fc x (X^ o Xg + Xg o X^) + k x fefafp 1 0te o X Q + X Q o X e ) 

+ k x f w .f s f^{X w oXj+Xjo X w ) + k x f 7 f s f-\X, ( oX s +X s o X 7 ) , (146) 
A 7 = (Og o X 7 + dJsf-'Oe o X 5 + d w f a f- 1 () w o X Q + dsfpf-iQ, o X^) 

+ /"^da/iuOa + dpfsOp oX s + rf 7 7 o Xg + C^/eOa X e ) 

+ fc s (Xg o X 7 + X 7 o Xg) + kxfefsfjHX oX S +X S oX e ) 

+ kxf a f w f-\Xa oX w +X w o Xa) + kxfpfJ-^Xp o X s + X s o X^) , (147) 
Aa = (Og o X 5 + dJ^f^Oe o X 7 + d w f p fs 1 w O X^ + dsfcf^O, O Xa) 
+ f^idafsOa o X s + dpf w <>0 oX w + d 7 / e 7 o X e + cfoOi ° Xg) 
+ fc, (Xg o X 5 + X 5 o Xg) + k x fJ 7 f^(X e o X 7 + X 7 o X e ) 

+ kxfafsfiH^a oX s +X s o X a ) + k x fp.f w f^{Xp oX w +X w o Xp) , (148) 
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where the symbol o denotes the trigintaduonion multiplication. The trigintaduonion physical quantity X includes the 
X a = S(x( i+ i6)i(i+i6)),_X i a_= £_(% +2 o)\i+20)), X 7 = £0% +24 )i(i+24)), and X s = £(% +28) i (i+28) ), besides the X g , 
X e , X w , and X s . The A Q , A^, A 7 , and As are the a field potential, the /? field potential, the 7 field potential, and 
the 8 field potential respectively. 

The trigintaduonion compounding field strength is B = M g + / e B e + f w ^>w + / S B S + fcMa + ffMp + /7B7 + fs^s, 
and is defined from the trigintaduonion field potential A, that is B = (O32 + k x X + k a A) o A . 

The trigintaduonion compounding field strength B involves, 

Bg = (0g o Ag + de/eOe A e + d w f w () w o A w + d s f s () s o A s ) 

+ {dafaOa ° A a + dpfpOp ° Ap + d 7 / 7 7 o A 7 + dsfsOs ° Aj) 
+ k x (Xg o Ag + / e 2 X e o A e + / 2 X W o A w + / 2 X S o A s ) 
+ k x (flX a o A a + fjXp o Ap + / 2 X 7 o A 7 + /|X 5 o Aa ) 
+ k a (A g o Ag + / e 2 A e o A e + / 2 A w oA w + / 2 A S o A s ) 

+ k a {flA a o A Q + f%Ap o A,g + / 2 A 7 o A 7 + f$A s o A 5 ) , (149) 

B e = «>g O A e + rfe.C'Oe ° Ag + d.f w f-^. O A,„ + d w f s f~ 1 <) w O A s ) 

+ /e _1 (4^0a O Ag + dpfaO/3 o A a + d^fsOy o A S + d S fj0s ° A 7 ) 

+ fc x (X e o Ag + Xg o A e ) + k x f s f w f~ 1 (K s oA w +X w o A s ) 

+ fcx/a/8/ e _1 (Xa oA^+XjO A a ) + fc^/a/" 1 (X, oAj + XjO A 7 ) 

+ /c a (A e o Ag + Ag o A e ) + k a f s f w f l T 1 (A s o A w + A w o A s ) 

+ k a f a fpf-\A a oA^+A^o A,,) + fc / 7 /5/ e _1 (A 7 oA^+AiO A 7 ) , (150) 
B w = (0g o A w + defsf^Oe o As + d w f~ 1 w o Ag + dsfef^Os o A e ) 

+ /j^da/yOa ° A 7 + dpfsOp oA s + d 7 / Q 7 o A Q + rf^/^Oi o A^j) 
+ fc x (X s oA m + X ffi o Ag) + kxfefsf- 1 ^ o A s + X s o A e ) 

+ k x f a f 7 f-\X a o A 7 + X 7 o A a ) + k x fpf s f-\%p oA s +%o Ap) 
+ k a (A g oA„+A w oA s 

) + k a fefsf w (A e ° As + A s O A e ) 

\A a o A 7 + A 7 o Ae,) + kafpfsf-^Ap oAj+Ajo A ) , (151) 
B s = (0g o A, + deUf- 1 ^ o A w + d w f e f- 1 w o A e + d,/" 1 ^ ° A fl ) 
+ f^ 1 (d a .fs<) a °A S + dpf^Op o A 7 + d 1 fp() 1 oAf3 + d s f a 0s ° A a ) 
+ fc x (Xg oA s +X s o Ag) + kxfeUf- 1 ^ oA w +X w O A e ) 
+ k x f a fsf-\X a o A 4 + X 5 o Aa) + k x fpf 7 f-\Xp o A 7 + X 7 o A^) 

+ fc a (Ag oA s +A s o Ag) + fca/e/^/^^Ae oi^+A^O A e ) 

+ k a f a f s f s -\A a oAj+Ajo Aa) + kafpfjf-^Ap o A 7 + A 7 o A ) , (152) 
B Q - (0g o A Q + djpf- 1 ^ o A^ + d w f 1 f- 1 $ w o A 7 + dJsf^Os ° A 5 ) 

+ /„ 1 (d a 0a ° Ag + ^.f e 0/3 ° A e + d 7 /„,0 7 oA m + d 5 / s <>5 ° A s ) 
+ fc :E (Xg o A Q +X a O Ag) + k x f e fpf-\X e oA fj +X fj o A e ) 
+ k x f w f 7 f~ 1 (X W o A 7 + X 7 o A w ) + kxfsfsf' 1 ^ oAj+Xjo A s ) 
+ fc a (Ag o A Q + Aa o Ag) + k a f e fpf-\A e oA^+Afjo A e ) 

) + kafsfsf- 1 ^ o A 4 + A 5 o A s ) , (153) 
% = (Og o Ajs + deUf^Oe o A Q + d w f s fp 1 <) w o A 4 + d s f 7 f^0 s o A 7 ) 

+ /^(dafeOa O A e + dfj^fj o A g + d 7 / s 7 o A s + d s f w <)s o A„,) 
+ ^(Xjg o Ag + Xg o A/,) + fcx/e/a/^^Xe o A Q + X Q O A e ) 

+ k x f w fsfp\X w oAj+Xjo A„) + kxf^fsf- 1 ^ oA s |I s o A 7 ) 

+ fc a (A (3 o Ag + Ag o A,g) + kafefafp 1 ^ oA„ + A a o A e ) 

+ k a f w f 5 fp\A w o A 5 + A 5 o A„) + fc / 7 / s /r 1 (A 7 oA s + A s o A 7 ) , (154) 
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B 7 = (O fl o A 7 + defsf^Oe o A s + d w f a f~ 1 O w o A Q + dsfpf^O, o Ap) 
+ /~ 1 (d Q /i«0a °A W + dpf s (}p oA s + d 1 () 1 oA g + d s fe()8 ° A e ) 

+ fc x (X g o A 7 + X 7 o A 9 ) + k x f e f 5 f^{% oAj+Xjo Ae) 

+ k x f a f w f-\^ a oA w +^ w o A a ) + k x fpf s f-\% oA s + X s o A0) 

+ k a (A g o A 7 + A 7 o A s ) + kafefdf^iAe oA{+AiO A e ) 

+ kaUUf-^K oA„+A m oA tt ) + kafpfsf-^Ap o A s + A s o A^g) , (155) 
B« = (Ofl o A 4 + de/y/j-^e ° A 7 + d w fpf g - 1 w O Ap + d s f a f^O s o A a ) 
+ f^idafsOa o A s + dpf w 0p oA w + rf 7 / e 7 o A e + cfoOs ° A g ) 
+ fc x (X g oAj+XjO A s ) + kxfef-yff 1 ^ o A 7 + X 7 o A e ) 
+ kxfafsf^iXa o A s + X s o A a ) + k x fpf w f^ 1 (X p oA w +X w o Ap) 
+ k a (A g oA s + A s o Ag) + k a f e f 1 fs 1 {A e o A 7 + A 7 o A e ) 

+ fca/a/ s / 5 _1 ( A a ° A s + A, o A Q ) + k a fpf w fg 1 {Kp o A w + A w o Ap) , (156) 

where the trigintaduonion compounding field strength B is composed of B Q = E(ft(i+i6)*(»+i6))> ®/3 = ^(fyi+20)*(i+20))j 
B 7 = S(ft(»+24)*(i+24))j an d ®<5 = £(^(i+28)*(i+28))> besides the B g , B e , M w , and B s . The gauge equations are ho = 0, 
hi = Q, h% = 0, /ii2 = 0, h\e = 0, /120 = 0, /124 = 0, and h^s — respectively. 

The trigintaduonion compounding field is composed of eight fundamental fields, and each field is accompanied by 
its seven adjoint fields. Herein the * denotes the trigintaduonion conjugate. 

For the gravitational strength B s , the linear momentum density —/J-gg^gg = 0g °B 9 is the source for the gravitational 
field, with seven adjoint field sources for the gravitational field, that is —fi ge S ge = 0e —ftgw^gw — §Z> 

-[IgsSgS = 0* O Bg, -^g a Bg a = 0„ ° Bg, -/Xg/jSg^ = 0^ ° Bg, -[IgjBg^ = 0^ ° Bg, and -^g 5 Sg 5 = 0| ° Bg . 

For the electromagnetic strength B e , the electric current density —ii eg § eg = 0* oB e is the source for electromagnetic 
field, with seven adjoint field sources for the electromagnetic field, that is —fi ee E> ee = 0e °B e , — [i ew E> ew — 0^, °B e , 

-VesBes =0* s O Be, - Mea^ea = 0* O B e , = 0} O B e , -Me 7 §e 7 = 7 ° Be, and -/irfSrf = 0* S ° Be- 

For the weak nuclear field strength B w , the —fi wg S wg = (}* oM w is the source for weak nuclear field, with seven kinds 
of adjoint field sources for the weak nuclear field, that is — fi we S we = ()*oM w , —fJ, W wB ww = 0„°B„,, —fi W s& ws = 0t°^w, 
—Hwa^>wa — 0q o M w , —H w pS w p = o B^,, — /i W7 S wl = ()* o M w , and — ^itoalStoa = 0| B M . 

For the strong nuclear field strength B s , the —fi sg § S g = 0g°B s is the source for strong nuclear field, with seven kinds 
of adjoint field sources for the strong nuclear field, that is — ^, se § se = 0e_°B s , — [i sw § sw = 0™ °B S , —^ssB S s = (>t °B S , 
-/j, sa §sa = 0* a ° ®si -^ S/ 3S S/ 3 = 0^ o B s , ~fi S7 §s 7 = 7 o B s , and -fi s s§ s s = 0| ° B s . 

For the a field strength B Q , the —HagB ag = ()* g oM a is the source for a field, with seven kinds of adjoint field 
source_s for the a field, that_is -^ Qe § Q e = 0g B Q , -fJ-awBaw ~_0* a ° B a , -fi as S as ~ <)* s oM a , -^ctaSaa = 0„ ° B Q , 

-Ma/3§a/3 =0Joi a , -Aia 7 §_a 7 = 7 O B ct ,_and -Ai ct 5§a5 = 0| ° B Q . 

For the j3 field strength B^, the —np g §p g = ()* o Mp is the source for j3 field, with seven kinds of adjoint field 
sources for the f3 field, that is -fip e Sp e = 0* ° %, -yp w §>p w = 0} ° %, -fJ,p s S>p s = 0* o -fip a §p a = <>* p o B a , 
-VppBpp = <}} o %, -fipjEp^ = 7 o %,jind -fips§ps = 0* s ° %• 

For the 7 field strength B 7 , the — ^ 7 g§ 79 = 0g ° B 7 is the source for 7 field, with seven kinds of adjoint field 
sources for the 7 field, that is — ^ 7e § 7e = 0e B 7 , — ^ 7M ,§ 7M , = 7 ° B 7 , -^ 7S § 7;S = 0s ° B 7 , -^ 7C ,§ 7Ct = 7 ° B a , 
-^ 7/ 3§ 7( g = 7 o %, -A* 77 § 77 = 7 o B 7 , and ~^ 7 sB^s = 0| ° B 7 . 

For the 5 field strength Bj, the —fJ,s g Bs g = 0g°B,5 is the source for S field, with seven kinds of adjoint field sources for 

the S field, that is -flSe^Se = 0J °%, -^Sw^Sw = 0| °B 5 , -^Ss^Ss = 0* s °%, -/J-Sa&Sa = 0* s °S a , -nsp&sp = 010%, 
-/i«5 7 §5 7 = 0| °B 7 , and = 0s oBj._ 

The seven adjoint field sources, S ee , §t«tu, §ss, §aa, S/3/3, §77, §55, possess the feature of the gravitational field, and 
can be considered as the candidate of the dark matters. 

The trigintaduonion field source S satisfies 

A«S = - (O32 + k x X + k a A + k b M)* o B 

f-^QQ^gg fef^ge^ge H - fw f^gw^gw ~^ fsf-^gs^gs 

+ fafiga^ga + fpf^gP^gP + f-y^g^g-f + f5fig5$g5 

H~ d e (^IJ, e g^> e g -\- fef-t-ee^ee H~ fwf-^ew^ew H - fsf^es^es^) 
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+ d e (f a /J, ea S ea + //3/U e /3S e/ 9 + / 7 ^e 7 S e7 + fs^eS^es) 
~t~ d w ([l W giS> W g -\- fef^we^we fw f^ww^ww ~t~ fsl^ws^ws) 

~t~ d s (^fX S g^> S g -\- fef^se^se ~t~ fw f-^sw^sw ~t~ fsf^ss^ss) 
+ d s (f a /J, sa S sa + //3Ms/3§s,3 + / 7 Ms7§S7 + fs^sS^ss) 
-\- da^/lagSag -\- fel^ae^ae "i" fw^aw^aw ~t~ fsf^as^as) 
+ d a (f a /J, aa S aa + fpHap^ap + / 7 Ma 7 §Q 7 + f5fl>a8§>as) 
+ d/3(npg§pg + /eM/3e§/3e + fwH-pw^fiw + /sM/3s§/3s) 
+ dfj(f a fl l 3 a S l 3 a + fpUppSpp + / 7 /U | g 7 § / 3 7 + fs^pS^ps) 
-\- C? 7 (// 7 g§ 7 g + fel^'ye^'ye fw^^w^^w ~t~ l /'s/^ 7 s^ 7 s) 
+ d 7 (/ Q /X 7Q S 7Q + / / 3/Z 7/ gS 7/ g + / 7 /Z 77 § 77 + fs^gS^s) 
+ ds(ll5g$5g + feUSe^Se + fw^Sw^Sw + fsH8s§>5s) 
+ ds(f a /ISa§i8a + fpHS^Sp + / 7 ^5 7 §<5 7 + fs^SS^Ss) 

- k x X* o B - fc a A* o B — fc b B* o B , (157) 
where (fc^X* • B + fc a A* • B + fc(,B* • B) is the field strength helicity. ^i, ^ ge , ^ gtu , ^ gct , /z gj8 , ^ g7 , ^ eg , ^ ee , 

Meto, Mes; Mea, Me/3? Me7> Me<5 > f^wgj l^we-, Hww-, f^wsj ^"waj fJ"wp? l^w^ft l^wdt f^sgi i^s&i l^swt Mss, Msa, Ms/3 5 Ms7 ? Ms<5 5 l^ocgi 
Mae, I^olw, Mctsi Mcta ? Mct/3> M«7i Mck5; f^Pg? M/3e> M/3u?5 Hfisi l^&Oit 5 M/37; M/3<5, M757 M7e? f^^/wj M7S7 M7C0 M7/3> M775 M7<5i 

M<5sn M<5e, M<5«m M<5s, M<5a, M<5/3; M<5 7 , and m<5<5 are the coefficients. and /i eff are the gravitational and electromagnetic 
constants respectively. 



C. Torque 

In the trigintaduonion compounding space, the linear momentum density is P = /xS/^ gg = ^{pik + feP(i+i)i(i+i) + 

fwP(i+8)i(i+8) + fsP(i+12)i(i+12)) + faP(i+W)i(i+W)) +_ff3p(i+20)i(i+20)J + f"tP(i+24)\i+24)) + fsP(i+28) *(i+28) )) an d the 

angular momentum density is L = MoP = E^i, + / e Z(i +4 )i(;+4) + ,W(j+8) *(i+8) + / S ^(i+I2)*(i+12)) + /a^(i+i6)*(i+i6)) + 
//3^(i+20)*(i+20)) + /7'(i+24)*(i+24)) + /5^(i+28)*(i+28))- And the trigintaduoniontorque-energy density W is defined from 
the angular momentum density L, the field strength B, and the field source S etc, 

W = w (0 3 2 + fcxX + fc a A + fc b B + fc s § + fc ( L) o L , (158) 

where —wq/2 is the energy density, w/2 = \Z(wjij)/2 is the torque density. S = S(siii+/ e S(j +4 )i( i+4 )+/ u ,S( i+8 )i( i+8 ) + 

/sS(i+12)*(i+12)) + /a%+16)*(i+16)) + //3«(i+20) *(i+20)_) + /7 5 (i+24) *(i+24) ) + /5%+28) *(i+28) )• 

The scalar part w of the torque-energy density W = S(u)jii + / e ^(i+4) *(i+4) + fwW (i+8) i {i+8) + f s W( i+ i2)i(i+i2) + 
/a^(i+i6)*(i+i6)) + /^*( 4 +20)i( t +20)) + .f 7 ?I) (»+24) *(»+24) ) + /5^(i+28) *(i+28)) is written as, 

wo/«o = fca {ao'~o + a 9 • I9 + /K^t o 1 4 + a e • l e )} 

+ k a {fl{&8 ° h + a™ ■ L) + / s 2 (ai2 o I 12 + a s • T s )} 

+ k a {/a( a 16 °ll6 + » Q • T a ) + /|(a 20 °ho + »/3 -1/3)} 

+ fc a {/7(a 24 o I 24 + a 7 • I 7 ) + /|(a 28 o I 28 + a,5 • I 5 )} 
+ k x {x l + x g • l g + / e 2 (x 4 o I 4 + x e • I e )} 
+ k x {ft (x 8 o I 8 + x w ■ l w ) + / s 2 (xi2 o I 12 + x s • I s )} 
+ k x {/ 2 (xi 6 oT 16 +x a -l a ) + /|(x 20 ol 20 +X,3 -T^)} 

+ fca, {/ 7 (x 24 o T 24 + X 7 • I 7 ) + /,5 2 (x 28 o T 28 + X.5 • l S )} 

+ kg {S l + Sg ■ lg + / 2 (S 4 O I 4 + Sg • lg)} 

+ k s {fl (s 8 ol 8 + s w -l w ) + / 2 (§i2 ol 12 + s s • l s )} 

+ k s {/ 2 (§i6 oI 16 + S a - la) + / 2 (S 20 ol 20 + §,3 -T^)} 
+ k s {/ 2 (S 24 o I 24 + S 7 • I 7 ) + J} (§ 28 o I 28 + S S ■ h)} 
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+ h {l l + Ig ■ \g + / e 2 (l 4 O I 4 + I e • l e )} 

+ h {fl (I 8 o I 8 + l w ■ l w ) + / S 2 (I 12 o I 12 + I s • I,)} 
+ h {/ 2 (Ti6 o I 16 + I a • T Q ) + / 2 (I 20 o I 20 + \ p ■ lp)} 

+ h { / 2 (I 24 o I 24 + T 7 • I 7 ) + fl (I 28 o I 28 + 1, • T 4 ) } 

+ fc fc (h ff • T s + / 2 h e • T e + / 2 h„ • L + / 2 h s • I s ) 

+ fc 6 (/ 2 h a • I a + / 2 h> • I^g + / 2 h 7 • T 7 + / 2 h 5 • I 4 ) 

+ d I + V g • T s + d e / e (i 4 o <9 4 I 4 + V e • I e ) 

+ d w f w (i$ o <9 8 I 8 + V„ • l w ) + d s f s (i 12 o 9i 2 Ti 2 + V s • I s ) 

+ d a f a (i ie o 9i 6 Ii 6 + V« • L) + dpfp(i 2a o <9 20 l 2 o + V/3 • I/j) 

+ ^7/7(^24 O <9 24 I 24 + V 7 • I 7 ) + dsfs(t28 o 9 28 I 28 + Va • l s ) , (159) 

where —u>o/2 includes the kinetic energy, the gravitational potential energy, the electric potential energy, the 
magnetic potential energy, the field energy, the work, the interacting energy between the dipole moment with 
the fields, and some new energy terms. T a = T,(i {j+16) l (j±16) ), I3 = £(i(j+20)^(j_+20))> h = ^0+24)^7+24)), 

la = E(t(j+28)f(j+28)); l(j+16) = t(j+16)i(j+16_), \j+20) = *(j+20)i(j+20), l(j+24) = *(j+24)'(j+24)) l(j+28) = *(j+_28) ^(j+28) • 

x Q = E(i(j + i 6 )a;y + i6)), x^ = T,(i^ +2 o)X^ +2 o)), x 7 = S(i(j+24)^(j+24)), x 5 = S(i(j +28 )a;( J+ 28)); x (j+i6) = 

*(j+16)£(j+16)> S; (_J+20) = *(j+20)*0+20)) X(j +24 ) = iy+24)^(j+24)> *(j+ 2 8) = *(j_+28)^(j+28) ■ a a = ^(*(j+16)«(j+16))) 

a/3 = ^(i(j+20)d(j+20)), a 7 — ^(*(j+24)a(j+24))i a <5 = £(i(j + 2 8 )a(j+28))i a^+ig) = i(j+i6)^0"+i6) i a (j+20) = 

*(j+20)O(j+20)i a 0"+24) = *(j+24)a(j+24), a (j+28) = »(j+28)0(j+28)- S Q = S(i( J+16 )S(j + i 6 )), = S(i( J - +20 ) S( J+20 ) ) , 

S 7 = S(i(j +24 )S(j +24 )), Sa = £(i(j + 28)S(j+28)); S(j-+i 6 ) = »(j- + i6)S(j+16), _S(j+20) = »(j+20)S(j+20)> S(j +24 ) = 
*(j+24)S(j+24), S(j +2 _ 8 ) = i(j + 28)S(j+28)- h Q = S(t(j +16 )/l(j + i6)), =_S(i( J+20 ) fyj+20) ) i h 7 = S(i( J+24 ) ft(j+24)) i h<5 = 

s (*(i+28)^(j+28)); h a = S(i( J+16 )/i( J+16 )), h/3 = S(i( J+20 )/i( J+20 )), h 7 = S(iy + 24)^(j+24))> ha = £(i(j +2 8)/i(j+28)); 

V Q = S(t(j +16 )9(j + i 6 )), V/3 = S(»( J - + 20)9(j+20))> V 7 = S(i( J - + 24)9(j- + 24)) J Va = £(i(j +2 8)<%+28))- 

In a similar way, expressing the torque density w of W as 

w/v = (d l g + V/o + V 9 x lg) + d e f e (i 4 o d 4 I e + V e o I 4 + V e x \ e ) 

+ d w f w (i s o 9 8 L + V„ o I 8 + V w x I w ) + d s f s (i 12 o <9 12 I S + V s o I 12 + V s x I s ) 

+ d a f a (i 16 o <9 16 I Q + V a o Ti 6 + V a x I Q ) + dpfpfao d 20 ii3 + o I 20 + x I3) 

+ ^7/7(^24 o 9 24 1 7 + V 7 o I 24 + V 7 x I 7 ) + dsfs(i 2 8 d 2S h + Va o 1 28 + Va x la) 

+ fc a (a g x I g + a s fo + a I ff ) + A: a / 2 (a e x I e + a 4 o I e + a e o 1 4 ) 

+ k a fl(a w x !„, + a 8 o l w + a^ o I 8 ) + /c a / 2 (a s x I s + a 42 o l s + a s o I 12 ) 

+ fca/ 2 ( a a X I a + ai 6 O l a + SL a o I 16 ) + k a jf 3 (sLp x 1^ + a 20 oI,5+a s o I 20 ) 

+ fc a / 2 (a 7 x I 7 + a 24 o I 7 + a 7 o I 24 ) + k a fj(a. s x la + a 28 o la + aa o I 28 ) 

Xg/ + ^olg) + fcx/e ( x e X l e + X 4 o l e + x e o 1 4 ) 

+ k x fl(x w x l w + x 8 o \ w + 5t w o lg) + k x fs(5c s x I s + X12 o I s + x s o I 12 ) 
+ fc x/ 2 (x„ x I a + xie o \ a + 5c a o I 16 ) + k x fp{5c(s xlj3+ x 20 o 1^ + X/3 o I 20 ) 
+ fc a; / 7 (x 7 x I 7 + x 24 o I 7 + x 7 o I 24 ) + k x fg(x s x la + x 28 o l s + x s o I 28 ) 

+ k S (Sg X Ig + Sgfo + S()lg) + fcg /g (S e X I £ + S 4 O I £ + S e O I 4 ) 

+ k s fl(s w x !„, + s 8 o \ w + s w o I 8 ) + fc s / 2 (s s x I s + §i 2 o I s + s s o I 12 ) 

+ fc s / 2 (§ Q X I Q + §16 o I Q + S a o Ii 6 ) + k s fp(sp X 1/3 + § 20 O Tg + 

s /3 ° I20) 

+ fc s / 2 (§ 7 x I 7 + § 24 o I 7 + § 7 o I 24 ) + k s fg(s s x la + § 28 o la + §a o I 28 ) 

+ fc 6 (llg X Ig + hgf ) + fefc/g (^e X I £ + llg O I 4 ) 

+ k b fl(h w x I„, + o I 8 ) + fc 6 / 2 (h s x I s + h s o I 12 ) 
+ hfl(h a xl a + h a o I 16 ) + k b f%(hp xl^+h^o I 20 ) 

+ fc 6 / 2 (h 7 x I 7 + h 7 o I 24 ) + fc 6 /|(ha x la + ha o I 28 ) + 2kM g , (160) 
where the above includes some new terms of the torque density. 
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D. Force 

In the trigintaduonion compounding space with the operator (0 32 + k x X + k a A + fcf,B + k s B + k{L + k w W), the 
trigintaduonion force-power density N is defined as follows, 

N - v (<>32 + k x X + k a A + k b M + k s S + hL + k w W)* o W , (161) 

where the power density is /o = — no/(2i>o), and the vectorial part is n = T,(fijij). N = Y,(riiii + / e ^(i+4)i(i+4) + 

/«j^(i+8)*(i+8) + /s™(i+12)*(i+12)) + /a™(i+16)*(i+16)) + //3™(i+20) *(i+20) ) + / 7 ™(i+24) *(i+24) ) + /s«(i+28) *(i+28) ) • 

Further expressing the scalar n of the trigintaduonion force-power density N as 

n /v = k a {a w + a* • w g + / L 2 (aj o w 4 + a* • w e )} 

+ k a {/™(a 8 o w 8 + a; • wj + / 2 (a 12 o w 12 + a* • w s )} 
+ fc a {/a(a*6 ° wie + a* ■ w a ) + jf^o o w 20 + a^ • W(3 )} 
+ k a {.^024 o w 24 + a* • w 7 ) + ./f (a^g o w 28 + a^ • wg)} 
+ k x {x a w + x* • w g + / e 2 (x4 o w 4 + x* • w e )} 

+ k x {fl (x£ O W 8 + X* • W ffi ) + / 2 (x 12 O W12 + x* • w s )} 

+ k x {/ 2 (xt 6 o wie + x* • w Q ) + / 2 (x^ o w 20 + x^ • wp)} 
+ k x {/^(X24 o w 24 + x* • w 7 ) + fl(x 28 o w 28 + x| • wg)} 

+ k s {s W + S* ■ W g + / 2 (§4 O W 4 + S* • W e )} 

+ k s {fl (Sg o W 8 + s* w ■ w w ) + fs(s* 12 ° W12 + s* • w s )} 

+ ks {/„(S 16 o Wi 6 + 8* a • W Q ) + /|(S2 O W 20 + • wp)} 

+ fc s {/ 7 (S24 ° w 24 + S* • W 7 ) + / 2 (§28 O W 28 + Sg ■ Wg)} 

+ ki {l w + 1* • Wg + /e (1^ o w 4 + T* • W e )} 

+ k l {fl (Ig O W 8 + 1^ • W w ) + / 2 (I* 2 O W12 + 1* • w s )} 

+ fc * {/a(ll6 ° W 16 + la ' w a) + /JC^O ° W 20 + ^ ' W^)} 

+ kl {/ 2 (l24 ° w 24 + 1* ' W 7 ) + / 2 (l2 8 o W 28 + • Wg)} 

+ k w {wqWq + W* • Wg + fl (wj O W 4 + W* • W e )} 

+ fc ™ {/™( w 8 O W 8 + W^ • W ffl ) + / 2 (w*2 O W12 + W* • W s )} 

+ k w {/ 2 (w* 6 o wi 6 + w* • w a ) + / 2 (w2 o w 20 + • w^)} 
+ k w {/ 2 (w^ 4 o w 24 + w* • w 7 ) + fl (W2 8 o w 28 + w* s ■ wg)} 
+ fc 6 (h* • Wg + / e 2 h* • w e + / 2 h^ • w^ + / 2 h* • w s ) 

+ kbifaK ■ w a + • w /3 + / 7 h* • W 7 + flhg ■ Wg) 

+ d w + V* • Wg + d e f e (il o <9 4 w 4 + V* • w e ) 

+ d w f w (i* 8 o <9 8 w 8 + V* w ■ w w ) + d s f s (i* 12 o 9i 2 wi 2 + V* • w s ) 

+ d a f a (i* ie o d 16 w 16 + V* • w a ) + dpfpii^o o 9 2 ow 2 o + • w^) 

+ d 1 f 1 (i* 24 o <9 2 4W 2 4 + V* • w 7 ) + dgfg(£, 8 o d 2 $w 28 + V* s ■ wg) . (162) 

In the eight fields with the trigintaduonion operator (0i6 + k x X + k a A + fc^B + k s S + fc;L + k w W), the force density 
f = — H/(2vo) can be defined from the vectorial part n of the trigintaduonion force-power density N , 

w/v = (d w g + V*u) + V* x Wg) + d e f e (il o d A w e + V* o w 4 + V* x w e ) 

+ d w f w (%l o d s w w + o w 8 + V* w x w w ) + d s f s (i* 12 o d 12 w s + V* o w 42 + V* x w s ) 
+ d a f a (i* le o d 16 w a + V* o wie + V* x w a ) + dpfp(% o d 20 w p + V* p o w 20 + x w^) 
+ d 1 f 1 {€ ii o d 24 w 7 + V* o w 24 + V* x w 7 ) + dgfg(i 2S o 9 28 w,5 + V| o w 28 + V| x wg) 
+ fc a (a* x Wg + a*u} + d w g ) + k a fl(a* e x w e + a.\ o w e + a* o w 4 ) 
+ k a fl(a* w xw ffi + ajow„+a;o w 8 ) + k a fl(a* s xw s + a* 2 o w s + a* o w 42 ) 
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+ fc a /a(a* x w Q + a* 6 o w Q + a* o w 16 ) + k a fp{a* x w^ + a 20 ow^+a^o w 20 ) 
+ fc a / 7 (a* x w 7 + £124 o w 7 + a* o W24) + k a f$(a* s xwj + a^ owj+ajo w 28 ) 
+ k x (x* g x w 9 + x*u> + i w s ) + k x fl(yi* e x w e + X4 o w e + x* o w 4 ) 
+ fc x /^(x* xw„ + XgO w w + x*„ o w 8 ) + fe x /|(x* x w s + x^ 2 o w s + x* o W12) 
+ x w Q + x* 6 o w Q + x* o wi 6 ) + k x fp(x* x w^j + x| o W/3 + x^ o w 20 ) 

+ fc x /^(x* x w 7 + X24 o w 7 + x* o W24) + k x fg(5i* 5 xwj + X28 owj+xjo w 28 ) 

+ k s (s* X W ff + S*W + S \V g ) + k s fe(s* e X W e + §4 O W e + S* O W 4 ) 

+ k s fl(s* w xw M +SgO w w + s* o w 8 ) + fc s / s 2 (s* x w s + sj 2 o w s + s* o w 12 ) 

+ fc s/a(s* X W Q + S*g O W Q + S* O W W ) + k s fp(s*p X + §2 O W/3 + O W 20 ) 

+ k s f^(s* X W 7 + §24 O W 7 + S* O W 24 ) + k s fg(s* s X W 5 + S^g OWj + SjO W 28 ) 
+ ft; (I* X W g + I*W + SoW s ) + k a fe(T e X W e + T4 o W e + I* o W 4 ) 
+ k lfl(Ko X W w + Ig O W w + 1^ O W 8 ) + /C S / S 2 (I* X W s + I42 o W s + I* O W12) 

+ x w Q + 1* 6 o w Q + 1* o wie) + k s fp{Tp X-W0+ l* 2Q o W/3 + 1^ o w 20 ) 

+ fc;/ 7 (I* X W 7 + I24 o W 7 + I* o w 24 ) + k a fg(T s X W 5 + T 28 OWj+IjO W 28 ) 
+ fc 6 (h* X W g + h*W ) + fcfc/e (h* x w e + h* O W 4 ) 

+ fc 6 / 2 (h* x w w + h* w o w 8 ) + fc b / s 2 (h* x w s + h* o w 12 ) 
+ hfl(h* a x w a + h* o w 16 ) + fc&/f (h^ x w,g + o w 20 ) 

+ fc 6 / 7 (h* x w 7 + h* o w 24 ) 4- k b fs(h* s xwj + hjo w 28 ) , (163) 

where the force density f includes that of the inertial force, gravitational force, gradient of energy, Lorentz force, and 
the interacting force between the dipole moment with the fields, as well as the unknown forces regarding the a, /?, 7, 
and S fields etc. The above force is much more complex than that in the classical field theory, and includes more new 
force terms related to the gradient of energy, the field potential, and the angular velocity etc. 

E. Helicity 

In the compounding space with the trigintaduonion operator (O32 + k x % + k a A + k b M + fc s S + fe;L + k w W), some 
helicity terms [42| will impact the mass continuity equation and the charge continuity equation etc. 

1. Field strength helicity 

The trigintaduonion linear momentum density, P = is defined from the trigintaduonion field source S in 

the compounding space with the operator (O32 + k x X + k a A + k b M + k s E> + kiL + k w W), 

F = P g + / e Pe + f w f w + fsPs + f a P a + ffiffi + / 7 P 7 + fsfi , (164) 

where P Q = S(p( i+1 6)t( i+ i 6 )), = ^(p(i+20)i(i+20)), P7 = s (P(i+24)_^+24)), P« = ^(P(i+2S)i(i+28))- And 0_32-K is the 
scalar part of 32 °K. p = mv , fh = m{v s /v ) + Am, v§ = Wo0 3 2-K, Am = -{k x X* -M + k a A* -M + k b M* •B)/(u /Xg fl ). 

According to the trigintaduonion features, the gravitational mass density m is one reserved scalar in the above, and 
is changed with the field strength (B s , B e , M w , M s , B a , B^, B 7 , and Ms), the field potential (A g , A e , A^,, A s A a , A^, 
Ay, and As), the helicity {k x X* ■ M + k a A* ■ B + k b W ■ B), and the trigintaduonion (X g , X e , % u>1 X s , X„, Xp, X 7 , X s ) 
etc in the trigintaduonion compounding space. The helicity includes the magnetic helicity a e • h e , the kinetic helicity 
v g ■ u g , the cross helicity v e • h e , and the new helicity term a e ■ u e etc. 

Similarly to the S and the L, the trigintaduonion angular momentum W has not an influence on the field strength 
helicity in the trigintaduonion compounding space with the operator (O32 + k x X + k a A + k b M + k s S + fc/L + k w W). 
Therefore we can not distinguish this field from some fields with other trigintaduonion operators, according to the 
viewpoint of the field strength helicity. 
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TABLE XIX: Some field sources of the eight fields with their adjoint fields. 



sources 


fields 


descriptions 


characterictics 


^99 


gravitational field 


linear momentum 


gravitation 


See 


electromagnetic adjoint field adjoint electric current 


gravitation 




weak nuclear adjoint field 


adjoint weak nuclear current 


gravitation 


s ss 


strong nuclear adjoint field 


adjoint strong nuclear current gravitation 




a adjoint field 


adjoint a current 


gravitation 




P adjoint field 


adjoint /3 current 


gravitation 




7 adjoint field 


adjoint 7 current 


gravitation 


§66 


8 adjoint field 


adjoint 8 current 


gravitation 


&ge 


gravitational adjoint field 


adjoint linear momentum 


electromagnetism 


Sep 


electromagnetic field 


electric current 


electromagnetism 


^ws 


weak nuclear adjoint field 


adjoint weak nuclear current 


electromagnetism 


^sw 


strong nuclear adjoint field 


adjoint strong nuclear current electromagnetism 




a adjoint field 


adjoint a current 


electromagnetism 




(5 adjoint field 


adjoint /3 current 


electromagnetism 




7 adjoint field 


adjoint 7 current 


electromagnetism 


§5 7 


8 adjoint field 


adjoint 8 current 


electromagnetism 


^gw 


gravitational adjoint field 


adjoint linear momentum 


weak nuclear force 


S es 


electromagnetic adjoint field adjoint electric current 


weak nuclear force 


^■wg 


weak nuclear field 


weak nuclear current 


weak nuclear force 


§se 


strong nuclear adjoint field 


adjoint strong nuclear current weak nuclear force 


^0:7 


a adjoint field 


adjoint a current 


weak nuclear force 




j3 adjoint field 


adjoint /3 current 


weak nuclear force 


§yct 


7 adjoint field 


adjoint 7 current 


weak nuclear force 




8 adjoint field 


adjoint 8 current 


weak nuclear force 




gravitational adjoint field 


adjoint linear momentum 


strong nuclear force 




electromagnetic adjoint field adjoint electric current 


strong nuclear force 


^we 


weak nuclear adjoint field 


adjoint weak nuclear current 


strong nuclear force 


S 3g 


strong nuclear field 


strong nuclear current 


strong nuclear force 




a adjoint field 


adjoint a current 


strong nuclear force 


Bp-, 


P adjoint field 


adjoint /3 current 


strong nuclear force 




7 adjoint field 


adjoint 7 current 


strong nuclear force 


§<5a 


8 adjoint field 


adjoint 8 current 


strong nuclear force 



2. Field source helicity 

The part force density F is one part of the trigintaduonion compounding force-power density N, and is defined from 
the trigintaduonion linear momentum density P , 

F = w «>32 + k x X + k a A + k b V + k s § + kit + k w W)* o P , (165) 

where the part force density includes that of the inertial force, gravitational force, Lorentz force, and the interacting 
force between the fields with the dipoles etc. 
The scalar /o of F is written as, 

n /v a = k a {a p + a* • p g + / e 2 (aJ o p 4 + a* • p e )} 

+ k a {/™(a| o p 8 + a*, • pj + / 2 (a 12 o p 12 + &* • pj} 
+ k a {/a(a 16 o p 16 + a* • pj + /f (a^ o p 20 + a£ • P/3 )} 

+ ka {.fyiKi ° P24 + a 7 ' P 7 ) + /! ( a 28 P28 + a l ' Ps)} 

+ k x {x Q p Q + x* • p g + / e 2 (x4 o p 4 + x* • pj} 
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+ k x {/™(*g o p 8 + x* • p J + / 2 (x* 2 o p 12 + x* • pj} 

+ k x {/a(x*6 ° Pl6 + K ■ Pa) + /J(X20 ° P20 + ' P^)} 

+ k x {.f? ( {* 24 o p 24 + x* • p 7 ) + / 5 2 (x2 8 o p 28 + 5t* s ■ p 5 )} 

+ k s {s po + s* • p g + / e 2 (s 4 o p 4 + s* • p e )} 

+ k s {fl{s% o P 8 + s* • p J + / 2 (s^ 2 o p 12 + s* • p s )} 

+ ks {.fUs*16 Pl6 + § a • Pa) + /f ( § 20 P20 + ^ ' P/?)} 

+ k s {.f? ( {s 24 o p 24 + s; • p 7 ) + /f(s^ 8 o p 28 + s* s ■ p s )} 

+ k {lopo + I* • p g + / e 2 (I 4 o p 4 + I* • pj} 

+ h imt o P8 + 1; . pj + f*(T 12 o Pl2 + 1: . Ps )} 

+ kl {fffiw o Pig +T* • pj + / 2 (I 20 o p 20 +T* • p p )} 

+ h {fife* o p 24 + 1* • p 7 ) + /|(I 28 o p 28 + T s ■ p 5 )} 

+ k w {w p + w* • p g + / e 2 (w 4 o p 4 + w* • pj} 

+ k w {fl (wg o p 8 + w; • pj + / 2 (w* 2 o p 12 + w* • pj} 

+ k w {/ 2 (w* 6 o p 16 + w* • pj + fj{vr* 2Q o p 20 + • p^)} 

+ k w {/ 2 (w; 4 o p 24 + w* • p 7 ) + /f (wag o p 28 + w| • p 5 )} 

+ kb{h* g ■ p g + / e 2 h* • p e + f*b* w ■ p w + / 2 h* • pj 

+ k b (.flh* a ■ p a + f%hp ■ pp + / 2 h; • p 7 + f^h* s ■ p s ) 

+ d po + V* • p g + d e f e (i* 4 o <9 4 p 4 + V* • pj 

+ d w f w (i* s o <9 8 p 8 + V* w ■ pj + d s f s (i* 12 ° 9i2Pi2 + V* • p s ) 

+ d a f a (i* 16 o a 16 p 16 + v; • pj + dpfp&Q o 9 2 oP2o + v *p ' P/3) 

+ d 7 f 7 (i* 2i o 9 24 p 24 + V* • p 7 ) + d s f s (i* 2S o 9 2 8P 2 8 + V 5 ' Ps) ( 166 ) 

where the field source helicity in the fields with the trigintaduonion operator (O32 + k x X+k a A+kbM + k s S+kih+k w W) 
covers the (a| o p 8 + a* w ■ pj, (a 12 o p 12 + ■ pj, (xj 6 o p 16 + x* • p Q ), (x^ o p 20 + x* • p^), (s^ 4 o p 24 + §; • p 7 ), 
(s^ 8 op 28 +s|-p 5 ), (l2 4 op 24 + l*-p 7 ), (l28°P28 + 1 5-P5) J besides the (a ff -p 9 + a p ),_(a:-p e _+a*op 4 ), (h* -p g + / 2 h* -p e ), 
(x* g -Pg + x Po), (x*-p e +x^op 4 ), (s* g -pg + s po), (s* • p e + o p 4 ) , (1* • p g + l p ) , (1* • p e + 1* o p 4 ) , and (w* -p e +w|op 4 ) 
etc. And that they include the magnetic helicity a e • h e , the kinetic helicity v e • u e , the cross helicity v e • h e , the 
current helicity h* • p e , and some other new helicity terms etc. p a — S(i(j + i6)P(j+i6)), Pp = ^(*(j+20)P(j+20))) 

p 7 = £(i(j+24)P(j+24)), P,5 = S (*(j+28)P(j+28)); Pl6 = »16Pl6j P 2 = *20P20, P 2 4 = *24P24, P 2 8 = *28P28- 

The above is the mass continuity equation in the eight fields with the trigintaduonion operator (<03 2 + fc x X + A; a A + 
kbM + k s Ei + k[L + k w W), and is effected by the speed of light v and some helicities of the rotational objects and of 
the spinning charged objects. 

A new physical quantity ¥ q can be defined from the part force density F, 

F, = F o i\ . (167) 
The scalar part -Fb of the ¥ q is written as, 

Fq/vo = fe(d p 4 + V* • p e ) o i* + d e (i\ o d 4 p + V* • p g ) o i\ 

+ d w f s (i* 8 o 9 8 p 12 + • p s ) o i* 4 + d s f w (i* 12 o 9i 2 p 8 + V* • p^) o z* 
+ d a ffj(i* 16 o SiePso + V* • p^j) oi* 4 + dfif a (i* 20 o <9 20 Pi 6 + • pj o i* 4 
+ djfs(i^ 4 o d 24 p 28 + V* • pg) oi* 4 + dsfyi^ o <9 28 p 24 + V* s ■ p 7 ) o i* 4 
+ hfe(h*g ■ p e + h* • p fl ) o i* 4 + k b f w f s (h* w ■ p s + h* • p w ) o i* 4 
+ k b f a f fj (h* a ■ p fj + ■ p a ) oi* 4 + k b f-yf 5 (h* ■ p s + h* s ■ p 7 ) o i* 4 
+ kafe(a* g ■ p e + d p 4 ) oi* 4 + fc a / e (a* • p g + p a* 4 ) o i* 4 
+ k a f s f w (a* w ■ p s + a* • p 12 ) oi* 4 + k a f s f w {a* ■ p w + a* 2 • p 8 ) o t* 
+ k a fp.f a {a* a ■ pp + a* 6 • p 20 ) oi* 4 + kafpfai&l ■ p a + a 20 ■ p 16 ) o i* 4 
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+ k a fsf 7 (&* ■ p s + a 24 • p 28 ) o i* + k a fsfj{aLs ■ p 7 + a* 8 • p 24 ) o i* 
+ k x f e (x* g ■ p e + x p 4 ) oi* + k x f e (x* e ■ p g + p x2) o i* 

( x w ■ Ps + x 8 ' P12) *4 + k x f s f w (-X* s ■ p w + X 12 • p g ) O i\ 

+ k x ,fpf a (x* a ■ p + x 16 ■ p 20 ) o i\ + k x f f a (x*p ■ p a + x* w ■ p 16 ) o i\ 
+ k x fsf~/(5i* ■ p s + i 24 ' P2s) h + k x fsf-t(x* s ■ P 7 + • p 24 ) o i\ 

+ fc s / e (s* • p e + S0P4) i\ + fc s / e (s* • P 3 + PoSl) o i\ 

+ k s ,f s f w (s* w ■ p s + Sg • p 12 ) oi\ + k s f s f w (s* ■ p w + §i 2 • p 8 ) o i\ 
+ k s fpf a {s* a ■ fa + s* m ■ P20) h + k s ff3f a (s} ■ P Q + §20 • Pie) h 
+ k s f 5 fj(s* ■ p s + sj 4 • p 28 ) oi* 4 + k s fsf^(s*s • p 7 + sj 8 • p 24 ) o i\ 

+ klf e (T g ■ p e + l p 4 ) o i* + fc;/ e (I* • p g + poTl) ° *4 

+ k L f s f w (T w ■ p s + I* • p 12 ) oi* + kif s f w (T s ■ p w + 1*2 • pg) o i\ 

a ■ Pp + 1 16 ■ p 20 ) *4 + klfpf a (lp ■ p a + 1 20 • Pi6) i*A 

+ hfsf^i* ■ pg + I 24 • p 28 ) oi* 4 + kif s f~f(T s • p 7 + T 28 • p 24 ) o i\ 

+ k w f e (w* ■ p e + W0P4) o i\ + k w f e (w* e ■ p g +P0W4) o i* 

+ k w f s f w (w* w ■ p s + Wg • p 12 ) o i* + k w f s f w (w* s ■ p w + w* 12 ■ p 8 ) o i* 

+ k w fpf a (\v* a ■ p fj + w* 6 • p 20 ) o i* + k w fpf a (\v*p ■ p a + w* • p 16 ) o t* 

+ k w fs.f~/(w* ■ Ps + w^ 4 • p 28 ) o i* + k w fsf 7 (w* s ■ p 7 + w* 8 • p 24 ) o i* , (168) 

where the above helicity terms encompass that in the gravitational field, the electromagnetic field, the weak nuclear 
field, and the strong nuclear field with their adjoint fields, as well as that in the a, (3, 7, and 5 fields. 

In the compounding space with the trigintaduonion operator (O32 + k x X + k a A + kbV> + k s S> + kih + k w W), the above 
is the charge continuity equation in the presence of the gravitational field, the electromagnetic field, the weak nuclear 
field, and the strong nuclear field with their adjoint fields when the scalar part F — 0. Similarly to the case with the 
sedenion operator (0i6 + k x X + k a A + ki,M + k s E + fc/L + k w W), this charge continuity equation is the invariant under 
the trigintaduonion coordinate transformation, meanwhile the X, A, B, S, L, and W of the above eight fields have the 
influence on the charge continuity equation, although the impacts are usually tiny when the fields are overlooked. 

In the same way, the above physical quantities will influence the continuity equations in the definitions (Fo^) and 
(F oi[ 2 ), and more continuity equations in the a, (3, 7, and 5 fields. 



TABLE XX: Some physical quantities of the eight fields with their adjoint fields in the trigintaduonion space. 

definitions meanings 

X field quantity 

A = (O32 + k x X) o X field potential 

B = (O32 + k x X + k a A) o A field strength 

R radius vector 

V = W0O32 o R velocity 

U = O32 o V velocity curl 

uS = -(O32 + k x t + k a A + k b M)* o 1 field source 

M b = (k x X + k a A + k b M)* ■ 1 field strength helicity 

P = uS/ugg linear momentum density 

R = R + fcnX compounding radius vector 

L = R o P angular momentum density 

W = «o(032 + k x X + fc a A + fctB + k s B + kiL) o £ torque-energy densities 

N = «o«>32 + k x X + k a A + k b M + k s § + k t L + k w W)* o W force-power density 

F = -N/(2w ) force density 

fl s = (k x X + k a A + k b M + k s § + kit)* ■ P field source helicity 
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XIV. CONCLUSIONS 



In the octonion compounding space with the octonion operator {> and the compounding field strength, the features 
of the electromagnetic field and the gravitational field can be depicted by the algebra of octonions, including the field 
source, the gravitational mass density, and the mass continuity equation etc. The physical quantities are influenced 
by the current helicity, the field energy, and the enstrophy in the electromagnetic and the gravitational fields. 

Similarly to the above compounding fields, there may exist other kinds of fields with different operators. The 
magnetic helicity, the cross helicity, and the kinetic helicity cause these fields with different kinds of operators combine 
together to become one compounding field. In the octonion compounding space with the operator and the octonion 
quantity X, the field potential A, the field strength B, and the field source § etc, much more helicity terms can be 
concluded in the electromagnetic field and the gravitational field, including the magnetic helicity, the current helicity, 
the cross helicity, the kinetic helicity, the enstrophy, the field energy, and some other helicity terms. It is found that 
those helicity terms will effect the gravitational mass density, the charge continuity equation, and the mass continuity 
equation etc directly. The impact of these helicity terms may be significant in the strong fields of the electromagnetic 
field and the gravitational field with their related adjoint fields. 

It should be noted that the study for the helicity terms with different kinds of operators examined only some simple 
cases in the electromagnetic field and the gravitational field. Despite its preliminary features, this study can clearly 
indicate the above helicity terms and the enstrophy are only some simple inferences of the field strength helicity and 
the field source helicity. They will impact the charge continuity equation and the mass continuity equation in the 
electromagnetic and gravitational fields. For the future studies, the research will concentrate on only the predictions 
about some new cross helicity terms related to different physical quantities in the case of the high velocity curl and 
the strong strength in the electromagnetic field and the gravitational field. 
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